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Physics classes  exactly solvable problems 

Physics research  most interesting problems have no exact solution

→

→

Hard problems
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Approaches

Numerics: Perturbation Theory: 

1. Insert a small parameter 

 

2. Write the answer as a power series 
 
 

3. Set         and sum the series
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This is a hard problem  perturbation theory! 

STEP 1:

→

A familiar example
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Unperturbed problem (       ) must be exactly solvable:
<latexit sha1_base64="SB9Bab2WOXdSz00hogxWIMFrgG8=">AAACNXicbVDJSgNBEO1xjXFLFE9eBoPgKcyIqBch6MVjBLNgZgg9nUrSpJehu2ckDPkLr/obfosHb+LVX7CzHEzig4bHe1VdVS+KGdXG8z6cldW19Y3N3FZ+e2d3b79QPKhrmSgCNSKZVM0Ia2BUQM1Qw6AZK8A8YtCIBndjv5GC0lSKRzOMIeS4J2iXEmys9BRArCmT4sZrF0pe2ZvAXSb+jJTQDNV20TkKOpIkHIQhDGvd8r3YhBlWhhIGo3yQaIgxGeAetCwVmIMOs8nKI/fUKh23K5V9wrgT9W9HhrnWQx7ZSo5NXy96Y/E/r5WY7nWYUREnBgSZDuomzDXSHd/vdqgCYtjQEkwUtbu6pI8VJsamNDcl7g81JXr+kCjMQKf2h1E+HygQ8Ewk51h0AitmQZqObJD+YmzLpH5e9i/L/sNFqXI7izSHjtEJOkM+ukIVdI+qqIYIEugFvaI35935dL6c72npijPrOURzcH5+AY8BrBU=</latexit>

✏ = 0

<latexit sha1_base64="tLUGF0BLjXz55QddfxMDZZWnrcQ="></latexit>✓
� d2

dx2
+

x2

4

◆
y(x) = Ey(x)

<latexit sha1_base64="j5bkj55eiYz133Zsh6/v7LiHVhQ="></latexit>✓
� d2

dx2
+

x2

4
+

x4

4

◆
y(x) = Ey(x)

<latexit sha1_base64="KxTlcIvWDSQyQLVdz7RYCdkRlB8="></latexit>

=)
✓
� d2

dx2
+

x2

4
+ ✏

x4

4

◆
y(x; ✏) = E(✏)y(x; ✏)

“Harmonic oscillator”

<latexit sha1_base64="huK12gCISgTbyqK/3Qry4YCVbK0="></latexit>

=) E =
1

2
, y(x) =

e�x2/4

4
p
2⇡



STEP 2:

Anharmonic oscillator
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Plug in and match powers of  :ϵ
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This procedure is algorithmic for polynomial potentials (see BenderWu MATHEMATICA package) 

STEP 3:

Beyond first order
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<latexit sha1_base64="ApF93Dvz5L2WySe1LuBpFwcjX9w=">AAACOXicbVDLSgMxFM34dnwrrtwEi+CqzIioS9GNSwVrhc5YMultG5rHmGRGyjD/4VZ/wy9x6U7c+gOmj4W1HggczrmvnCTlzNggePdmZufmFxaXlv2V1bX1jc2t7TujMk2hRhVX+j4hBjiTULPMcrhPNRCRcKgnvcuBX89BG6bkre2nEAvSkazNKLFOeoggNYwrGUl4xEFzsxJUgyHwNAnHpILGuG5uebtRS9FMgLSUE2MaYZDauCDaMsqh9KPMQEpoj3Sg4agkAkxcDM8u8YFTWrittHvS4qH6u6Mgwpi+SFylILZr/noD8T+vkdn2WVwwmWYWJB0tamccW4UHGeAW00At7ztCqGbuVky7RBNqXVITW9Ju3zBqJj+SxAWY3E0ofT/SIOGJKiGIbEVOLKI8L12Q4d/YpsndUTU8qYY3x5Xzi3GkS2gP7aNDFKJTdI6u0DWqIYo0ekYv6NV78z68T+9rVDrjjXt20AS87x/oSq3A</latexit>

✏ 6= 0



Convergence is controlled by the singularity structure in the complex plane 

Singularities

<latexit sha1_base64="Rm38bCSmJs4vBj6HFmoxyWafq7w="></latexit>

1

1� x
=

1X

n=0

xn for |x| < 1

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

        must have a singularity at the 
origin in the complex  planeϵ

<latexit sha1_base64="tB10rI1GddtQfxRbbJyaAHpiCMo=">AAACNnicbVDJSgNBFOyJW4xbonjyMhiEeAkzIuoxKILHCGaBzBB6Oi9Jk16G7p5IGPIZXvU3/BUv3sSrn2BnOZjEgoai6m1dUcyoNp734WTW1jc2t7LbuZ3dvf2DfOGwrmWiCNSIZFI1I6yBUQE1Qw2DZqwA84hBIxrcTfzGEJSmUjyZUQwhxz1Bu5RgY6XWfSmAWFMmxXk7X/TK3hTuKvHnpIjmqLYLznHQkSThIAxhWOuW78UmTLEylDAY54JEQ4zJAPegZanAHHSYTm8eu2dW6bhdqewTxp2qfztSzLUe8chWcmz6etmbiP95rcR0b8KUijgxIMhsUTdhrpHuJAC3QxUQw0aWYKKovdUlfawwMTamhS1xf6Qp0YsficIU9NBOGOdygQIBz0RyjkUnsGIaDIdjG6S/HNsqqV+U/auy/3hZrNzOI82iE3SKSshH16iCHlAV1RBBEr2gV/TmvDufzpfzPSvNOPOeI7QA5+cX/cqsSA==</latexit>

E(✏)
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-1.0

-0.5
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1.0



But why is there a singularity at the origin?        

Origins of divergence

-2 -1 1 2

-0.2

-0.1

0.1

0.2 <latexit sha1_base64="LNgNPU8HwAc9euxJXvJFT+R8lW8=">AAACNXicbVDJSgNBEO1xjXFLFE9eBoPgKcyIqCcJevEYwSyYGUJPp5I06WXo7hkJQ/7Cq/6G3+LBm3j1F+wsB5P4oOHxXlVX1YtiRrXxvA9nZXVtfWMzt5Xf3tnd2y8UD+paJopAjUgmVTPCGhgVUDPUMGjGCjCPGDSiwd3Yb6SgNJXi0QxjCDnuCdqlBBsrPQUQa8qkuPHahZJX9iZwl4k/IyU0Q7VddI6CjiQJB2EIw1q3fC82YYaVoYTBKB8kGmJMBrgHLUsF5qDDbLLyyD21SsftSmWfMO5E/duRYa71kEe2kmPT14veWPzPayWmex1mVMSJAUGmg7oJc410x/e7HaqAGDa0BBNF7a4u6WOFibEpzU2J+0NNiZ4/JAoz0Kn9YZTPBwoEPBPJORadwIpZkKYjG6S/GNsyqZ+X/cuy/3BRqtzOIs2hY3SCzpCPrlAF3aMqqiGCBHpBr+jNeXc+nS/ne1q64sx6DtEcnJ9fkMqsFg==</latexit>

✏ > 0

-2 -1 1 2

-0.2

-0.1

0.1

0.2 <latexit sha1_base64="LhGc7o4RXdW1vKrvr56a7JtGwFs=">AAACNXicbVC7SgNBFJ31GeMrUaxsFoNgFXZF1MIiaGMZwTwwu4TZyU0yZB7LzOxKWPIXtvobfouFndj6C04ehUk8MHA45965954oZlQbz/twVlbX1jc2c1v57Z3dvf1C8aCuZaII1IhkUjUjrIFRATVDDYNmrADziEEjGtyN/UYKSlMpHs0whpDjnqBdSrCx0lMAsaZMihuvXSh5ZW8Cd5n4M1JCM1TbReco6EiScBCGMKx1y/diE2ZYGUoYjPJBoiHGZIB70LJUYA46zCYrj9xTq3TcrlT2CeNO1L8dGeZaD3lkKzk2fb3ojcX/vFZiutdhRkWcGBBkOqibMNdId3y/26EKiGFDSzBR1O7qkj5WmBib0tyUuD/UlOj5Q6IwA53aH0b5fKBAwDORnGPRCayYBWk6skH6i7Etk/p52b8s+w8XpcrtLNIcOkYn6Az56ApV0D2qohoiSKAX9IrenHfn0/lyvqelK86s5xDNwfn5BY04rBQ=</latexit>

✏ < 0

<latexit sha1_base64="5KTxBkJ0Iobq3SaBOwfQpiJNSGQ=">AAACNnicbVDJSgNBFOxxjXFLFE9eBoPgKcyIqMegF49RzAKZIfR0XpImvQzdPQnDkM/wqr/hr3jxJl79BDvLwSQWNBRVb+uKYka18bwPZ219Y3NrO7eT393bPzgsFI/qWiaKQI1IJlUzwhoYFVAz1DBoxgowjxg0osH9xG8MQWkqxbNJYwg57gnapQQbK7WCJ9rrG6yUHLULJa/sTeGuEn9OSmiOarvonAQdSRIOwhCGtW75XmzCDCtDCYNxPkg0xJgMcA9algrMQYfZ9Oaxe26VjtuVyj5h3Kn6tyPDXOuUR7aSY9PXy95E/M9rJaZ7G2ZUxIkBQWaLuglzjXQnAbgdqoAYllqCiaL2Vpf0scLE2JgWtsT9VFOiFz8ShRnooZ0wzucDBQJGRHKORSewYhYMh2MbpL8c2yqpX5b967L/eFWq3M0jzaFTdIYukI9uUAU9oCqqIYIkekGv6M15dz6dL+d7VrrmzHuO0QKcn18RFKzh</latexit>) Something abrupt happens at ϵ = 0



The divergence of perturbation theory signals a physical instability somewhere in the complex  plane ϵ

Complex energy

<latexit sha1_base64="WQsa1TaXvQMWuLKaPaERnC3WV8I="></latexit>

Ẽ = E � i

2
~� =) P (t) =

���e�iẼt/~
���
2
= e��t “Inverse lifetime”
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This is the generic behavior of perturbation theory in physics: 



Consider the hard problem 

Using perturbation theory, find the real root of this equation. Consider at least two different places to insert , 
do the answers agree? Why or why not?

ϵ

Practice

<latexit sha1_base64="P+NWRWCx2iPSYIbFt4PdfVI4qEY=">AAACMnicbVDLSgMxFM34rPXVKq7cDBZBEMqM+NoIRTcuK9gHdMaSSe+0oUlmSDK1ZehHuNXf8Gd0J279CNPHwrYeCBzOuTf33hPEjCrtOB/W0vLK6tp6ZiO7ubW9s5vL71VVlEgCFRKxSNYDrIBRARVNNYN6LAHzgEEt6N6N/FoPpKKReNSDGHyO24KGlGBtpFr/6eK0f+M2cwWn6IxhLxJ3SgpoinIzbx14rYgkHIQmDCvVcJ1Y+ymWmhIGw6yXKIgx6eI2NAwVmIPy0/G+Q/vYKC07jKR5Qttj9W9HirlSAx6YSo51R817I/E/r5Ho8NpPqYgTDYJMBoUJs3Vkj463W1QC0WxgCCaSml1t0sESE20impkSdwaKEjV7SOCnoHrmh2E260kQ8EwizrFoeUZMvV5vaIJ052NbJNWzontZdB/OC6XbaaQZdIiO0Aly0RUqoXtURhVEUBe9oFf0Zr1bn9aX9T0pXbKmPftoBtbPLyKZqlA=</latexit>

x5 + x = 1
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<latexit sha1_base64="71yADwlSX/3yx3cQLXerStdZ6UA="></latexit>

y(x) = x5 + x

<latexit sha1_base64="TlRgY5cmgvZUdoCRZmESRQuPsWw=">AAACMXicbVDLSgMxFM3UV62vVnHlZrAIdVNmRNSNUHTjsoJ9QGcomfS2jU0yQ5KpDkP/wa3+hl/Tnbj1J0wfC9t6IHA4597ce08QMaq044ytzNr6xuZWdju3s7u3f5AvHNZVGEsCNRKyUDYDrIBRATVNNYNmJAHzgEEjGNxP/MYQpKKheNJJBD7HPUG7lGBtpHpSej2/ddv5olN2prBXiTsnRTRHtV2wjr1OSGIOQhOGlWq5TqT9FEtNCYNRzosVRJgMcA9ahgrMQfnpdN2RfWaUjt0NpXlC21P1b0eKuVIJD0wlx7qvlr2J+J/XinX3xk+piGINgswGdWNm69Ce3G53qASiWWIIJpKaXW3SxxITbRJamBL1E0WJWjwk8FNQQ/PDKJfzJAh4ISHnWHQ8I6becDgyQbrLsa2S+kXZvSq7j5fFyt080iw6QaeohFx0jSroAVVRDRH0jN7QO/qwPq2x9WV9z0oz1rznCC3A+vkFOsSp2g==</latexit>

y(x) = 1



Lecture 1: 

How do we use perturbation 
theory to solve hard 

problems?

Overview

Lecture 2: 

How can we extract 
meaningful information 
from divergent series?

Lecture 3: 

How can we learn about 
non-perturbative physics 

from perturbation theory?

<latexit sha1_base64="u0Brq/0GvJC7SEhLbZUBs0GBG94="></latexit>

x(✏) = a0 + a1✏+ a2✏
2 + . . .

<latexit sha1_base64="lFJsJfbHKfaUpeAOVVJsFbhIKcU="></latexit> 1X

n=0

an✏
n ?
= 1

<latexit sha1_base64="Pj+CIkqVze+3Kq2pNfzPr70BcfU="></latexit>

e�1/x ?
= 0 + 0 · x+ 0 · x2 + . . .



Equalities are too rigid to handle divergent series         

Asymptotics

<latexit sha1_base64="Lq9FhlCdQTnFyqd8N3OWu98nWic="></latexit>

f(x) ⇠ g(x) as x ! x0 () lim
x!x0

f(x)

g(x)
= 1 “Asymptotic relation”

<latexit sha1_base64="fyvpJtxzWxzrzK/Wn8wGlEZLG4s="></latexit>

sinx ⇠ x as x ! 0
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<latexit sha1_base64="ssca0/4G32fwM6EyQS4BpN3tVb8="></latexit>

ex ⇠ 1 as x ! 0
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<latexit sha1_base64="7bEvwKBKp+4Hb0wJvzlyfjmcOeo="></latexit>

n! ⇠
p
2⇡nnne�n as n ! 1
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<latexit sha1_base64="EJsWY3pb4PT5q5vBYQurCKEl1tc="></latexit>

f(x) ⇠
1X

n=0

anx
n as x ! x0Functions can have asymptotic expansions:



Asymptotic vs. convergent

<latexit sha1_base64="QnBcCmakSSM3fPhXFloeWTsit8Y="></latexit>

Exponential fn. : e�x =
1X

n=0

(�1)n

n!
xn

<latexit sha1_base64="/Gmc5L5AVMD2AUdF8arYPv9gUYM="></latexit>

Incomplete gamma fn. : �

✓
0,

1

x

◆
⇠ xe�1/x

1X

n=0

(�1)nn!xn
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“Optimal truncation”
<latexit sha1_base64="FXckOcKJ1ccnbdnYrQAqpg/7ewc="></latexit>

N⇤ ⇡ x�1At fixed x, asymptotic series approximate their parent function until



Perturbation theory generally yields asymptotic expansions 

Successes of perturbation theory

<latexit sha1_base64="W+IWMYOHVNJJ4FvBO3G7tLYvJT8="></latexit>

g

2

���
th.

= 1 + c1
⇣↵
⇡

⌘
+ c2

⇣↵
⇡

⌘2
+ c3

⇣↵
⇡

⌘3
+ c4

⇣↵
⇡

⌘4
+ c5

⇣↵
⇡

⌘5
+ . . .

g

2

���
th.

= 1.001 159 652 181 78 (6)(4)(3)(77)

g

2

���
exp.

= 1.001 159 652 180 73 (28)

<latexit sha1_base64="3oZ/VXI4zMvKje0hIfiRUrid2Ww="></latexit>

E(✏) ⇠
1X

n=0

an✏
n as ✏ ! 0

e.g. electron’s magnetic moment

<latexit sha1_base64="0aaCHAY4644FoB6XnW8LqWiV+TE="></latexit>

N⇤ =
⇣↵
⇡

⌘�1
⇡ 430Optimal truncation:



What do we want: a well-defined representation of        in the complex plane. 

What do we have: a divergent, series representation on the real axis.  

Borel summation

<latexit sha1_base64="WgHRoq64wJb2jh1Lp9DtVe+DBlE="></latexit>

Sf (x) :=

Z 1

0
dt e�tBf (xt)

<latexit sha1_base64="tB10rI1GddtQfxRbbJyaAHpiCMo=">AAACNnicbVDJSgNBFOyJW4xbonjyMhiEeAkzIuoxKILHCGaBzBB6Oi9Jk16G7p5IGPIZXvU3/BUv3sSrn2BnOZjEgoai6m1dUcyoNp734WTW1jc2t7LbuZ3dvf2DfOGwrmWiCNSIZFI1I6yBUQE1Qw2DZqwA84hBIxrcTfzGEJSmUjyZUQwhxz1Bu5RgY6XWfSmAWFMmxXk7X/TK3hTuKvHnpIjmqLYLznHQkSThIAxhWOuW78UmTLEylDAY54JEQ4zJAPegZanAHHSYTm8eu2dW6bhdqewTxp2qfztSzLUe8chWcmz6etmbiP95rcR0b8KUijgxIMhsUTdhrpHuJAC3QxUQw0aWYKKovdUlfawwMTamhS1xf6Qp0YsficIU9NBOGOdygQIBz0RyjkUnsGIaDIdjG6S/HNsqqV+U/auy/3hZrNzOI82iE3SKSshH16iCHlAV1RBBEr2gV/TmvDufzpfzPSvNOPOeI7QA5+cX/cqsSA==</latexit>

E(✏)

<latexit sha1_base64="9GMxwlgEJ2PaYFaFP4WP2ea/nA8="></latexit>

f(x) ⇠
1X

n=0

cnx
n as x ! 0

<latexit sha1_base64="R2AsHrJ9hsW5JkHCMKm7pKnqs00="></latexit>

cn ⇠ n! as n ! 1

“Borel transform”

“Inverse Borel transform”   or   “Borel sum”

How to sum a divergent series: Borel summation

STEP 1: <latexit sha1_base64="0p8Cu4d4Nk+1aRBlHkHXyhwml6c="></latexit>

Bf (t) :=
1X

n=0

cn
n!

tn<latexit sha1_base64="LFC7aTf+iwNH7AfUqY4P1tIYS5M=">AAACM3icbVDLSsNAFJ34rPHVKq7cBIvgqiQi6rLoxmUF+4AmlMnkph06Mwkzk0oJ/Qm3+ht+jLgTt/6D0zYL23pg4HDuvXPuPWHKqNKu+2GtrW9sbm2Xduzdvf2Dw3LlqKWSTBJokoQlshNiBYwKaGqqGXRSCZiHDNrh8H5ab49AKpqIJz1OIeC4L2hMCdZG6viUGxdQvXLVrbkzOKvEK0gVFWj0KtaJHyUk4yA0YVipruemOsix1JQwmNh+piDFZIj70DVUYA4qyGcLT5xzo0ROnEjzhHZm6t+JHHOlxjw0nRzrgVquTcX/at1Mx7dBTkWaaRBkbhRnzNGJM73eiagEotnYEEwkNbs6ZIAlJtpktOCSDsaKErV4SBjkoEbmh4lt+xIEPJOEcywi34i5PxpNTJDecmyrpHVZ865r3uNVtX5XRFpCp+gMXSAP3aA6ekAN1EQEMfSCXtGb9W59Wl/W97x1zSpmjtECrJ9fbvGrjQ==</latexit>

=)

STEP 2:



     

     

Example

(compare with https://dlmf.nist.gov/8.6#E5)
<latexit sha1_base64="nq72zaprh59pt9UEAHQrAkyjgFk="></latexit>

Sf (x) :=
1

x

Z 1

0
dt e�t/x 1

1 + t

<latexit sha1_base64="cxv7bWl1kPrOvnovk17py5b+iUA="></latexit>

Bf (t) :=
1X

n=0

(�1)ntn =
1

1 + t

<latexit sha1_base64="cwFd/BRb+lyK9CdapiFbEIcJ0ao="></latexit>

f(x) =
1

x
e1/x�

✓
0,

1

x

◆ <latexit sha1_base64="BNv6WzayqJ2iDitHINbNvf7yTTE="></latexit>

⇠
1X

n=0

(�1)nn!xn as x ! 0+

Borel transform:

Borel sum:

https://dlmf.nist.gov/8.6#E5


All transforms must obey “conservation of information” 

How it works
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<latexit sha1_base64="b1FDHWXk+aWQPY7zzeVZ9nv3SqY="></latexit> 1X

n=0

(�1)nn!xn
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<latexit sha1_base64="2f+DiWNBYST8lG3B1lw41ATcfhY="></latexit>

1

1 + t
<latexit sha1_base64="LFC7aTf+iwNH7AfUqY4P1tIYS5M=">AAACM3icbVDLSsNAFJ34rPHVKq7cBIvgqiQi6rLoxmUF+4AmlMnkph06Mwkzk0oJ/Qm3+ht+jLgTt/6D0zYL23pg4HDuvXPuPWHKqNKu+2GtrW9sbm2Xduzdvf2Dw3LlqKWSTBJokoQlshNiBYwKaGqqGXRSCZiHDNrh8H5ab49AKpqIJz1OIeC4L2hMCdZG6viUGxdQvXLVrbkzOKvEK0gVFWj0KtaJHyUk4yA0YVipruemOsix1JQwmNh+piDFZIj70DVUYA4qyGcLT5xzo0ROnEjzhHZm6t+JHHOlxjw0nRzrgVquTcX/at1Mx7dBTkWaaRBkbhRnzNGJM73eiagEotnYEEwkNbs6ZIAlJtpktOCSDsaKErV4SBjkoEbmh4lt+xIEPJOEcywi34i5PxpNTJDecmyrpHVZ865r3uNVtX5XRFpCp+gMXSAP3aA6ekAN1EQEMfSCXtGb9W59Wl/W97x1zSpmjtECrJ9fbvGrjQ==</latexit>

=) <latexit sha1_base64="LFC7aTf+iwNH7AfUqY4P1tIYS5M=">AAACM3icbVDLSsNAFJ34rPHVKq7cBIvgqiQi6rLoxmUF+4AmlMnkph06Mwkzk0oJ/Qm3+ht+jLgTt/6D0zYL23pg4HDuvXPuPWHKqNKu+2GtrW9sbm2Xduzdvf2Dw3LlqKWSTBJokoQlshNiBYwKaGqqGXRSCZiHDNrh8H5ab49AKpqIJz1OIeC4L2hMCdZG6viUGxdQvXLVrbkzOKvEK0gVFWj0KtaJHyUk4yA0YVipruemOsix1JQwmNh+piDFZIj70DVUYA4qyGcLT5xzo0ROnEjzhHZm6t+JHHOlxjw0nRzrgVquTcX/at1Mx7dBTkWaaRBkbhRnzNGJM73eiagEotnYEEwkNbs6ZIAlJtpktOCSDsaKErV4SBjkoEbmh4lt+xIEPJOEcywi34i5PxpNTJDecmyrpHVZ865r3uNVtX5XRFpCp+gMXSAP3aA6ekAN1EQEMfSCXtGb9W59Wl/W97x1zSpmjtECrJ9fbvGrjQ==</latexit>

=)
<latexit sha1_base64="hw3324qErNtp8Vc4XG9U3g4/DHw="></latexit>

!
=)

<latexit sha1_base64="mXF9zvLpA4XU2DowAyn/0rZj8Zk="></latexit>

Sf (x)
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<latexit sha1_base64="9LRdc2ArunMAhotyjD7T3WJViXs="></latexit> 1X

n=0

(�1)ntn
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-1

1

2

The power of Borel summation comes from analytically continuing the Borel transform



What about  ? x < 0

Singularities

<latexit sha1_base64="wEeJvzU1s6vRHeUt9izH7xYUNas="></latexit>

Sf (�x) =
1

x

Z 1

0
dt e�t/x 1

1� t
= ?
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<latexit sha1_base64="Y4uUCIUtvAPmFQPKDMTOReWUYXA=">AAACNXicbVDLSgNBEJyN7/iKiicvi0HwFHZF1GPQi0cF88DsEmY7nWTIzOwyMxsJS/7Cq/6G3+LBm3j1F5zEPZjEgoGiqnu6u6KEM208790pLC2vrK6tbxQ3t7Z3dkt7+3UdpwqwBjGPVTOiGjmTWDPMcGwmCqmIODaiwc3EbwxRaRbLBzNKMBS0J1mXATVWegygjzAQVA3apbJX8aZwF4mfkzLJcdfecw6DTgypQGmAU61bvpeYMKPKMOA4LgapxoTCgPawZamkAnWYTVceuydW6bjdWNknjTtV/3ZkVGg9EpGtFNT09bw3Ef/zWqnpXoUZk0lqUMLvoG7KXRO7k/vdDlMIho8soaCY3dWFPlUUjE1pZkrSH2kGevaQKMxQD+0P42IxUCjxCWIhqOwEVsyC4XBsg/TnY1sk9bOKf1Hx78/L1es80nVyRI7JKfHJJamSW3JHagSIJM/khbw6b86H8+l8/ZYWnLzngMzA+f4BA/esVw==</latexit>X
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rotate contour



The incomplete gamma function has a branch cut along the negative real axis 

Connection formula
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https://dlmf.nist.gov/8.2#E10 :

“Jump across the cut” of the exact function

Residue of the singularity of the Borel transform!
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Given an asymptotic expansion: 

                    

Take-away
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an ⇠ n! as n ! 11. Determine the asymptotic behavior of the perturbative coefficients, typically

2. Construct the Borel transform, analytically continue it, and study the singularities in the Borel plane.

3. Borel sum our original series and analytically continue it through the complex  plane.ϵ

4. Use knowledge of the physical system to resolve imaginary ambiguities.
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Physical observables are represented by trans-series
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The Airy function has an asymptotic expansion 

where the coefficients have the asymptotic form 

Use Borel summation to: 

1. Define the Borel transform and identify the singularity structure 

2. Define the Borel sum of the series and compare with the exact Airy function 

3. Analytically continue the Borel sum near the singularity and compare with the Airy function connection 
formula (https://dlmf.nist.gov/9.2#E12) (hint: use https://dlmf.nist.gov/15.2#E3)

Practice
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Lecture 1: 

How do we use perturbation 
theory to solve hard 

problems?

Overview

Lecture 2: 

How can we extract 
meaningful information 
from divergent series?

Lecture 3: 

How can we learn about 
non-perturbative physics 

from perturbation theory?
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The most famous non-perturbative phenomenon is tunneling 

The transmission coefficient gives the probability for tunneling, and is non-perturbative in the barrier 
height

Tunneling
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What techniques do we have for calculating tunneling rates?

Methods of calculation

WKB approximation Path integral Perturbation theory
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Free particle solution to Schrödinger equation 

WKB
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The WKB approximation modifies this result for slowly varying potentials 

Transmission coefficient given by:
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Let’s assume  to make the turning points easy: E ≈ 0

Anharmonic oscillator - WKB

<latexit sha1_base64="F5FYEW2YwyZceAZPZ0hq9L0q7Bo="></latexit>

V (x) =
x2

4
� ✏

x4

4

<latexit sha1_base64="cKu9Qcai7kSKh+8T3g2Ar4pNsAM="></latexit>

) x1 = 0, x2 =
1p
✏

-2 -1 1 2

-0.2

-0.1

0.1

0.2

<latexit sha1_base64="ATLDeRCHu7Bi8LdP/TBX3dSKwpw="></latexit>

T ⇡ exp

 
�2

Z 1/
p
✏

0
dx

r
x2

4
� x4

4

!

= exp

✓
�2 · 1

6✏

◆

T ⇡ exp

✓
� 1

3✏

◆

As expected, the transmission coefficient is non-perturbative in the barrier height.



Feynman path integral gives amplitudes as “sums over all possible paths” 

Path integral
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Each path is weighted by a phase factor depending on the classical action



Tunneling processes are described by classical motion in an inverted potential 

Anharmonic oscillator - instantons
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This information is contained within our perturbative expansion 

Large-order growth

Step 1: plot the ratio
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Step 2: plot the ratio
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Large-order growth:

Nearest singularity in Borel plane:
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Anharmonic oscillator - PT
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=)

<latexit sha1_base64="QADh968xMd1Gn2k1vFhGjfJBwig="></latexit>

an =

⇢
1

2
,
3

4
,�21

8
,
333

16
,�30885

128
,
916731

256
,�65518401

1024
,
2723294673

2048
,�1030495099053

32768
,
54626982511455

65536
, . . .

�

The large-order growth encodes the non-perturbative physics!

<latexit sha1_base64="+xSkkp+0Sn1bJe1fLb1OedHlh/I="></latexit>

SE(✏) =
1

✏

Z 1

0
dt e�t/✏B(t) =)

<latexit sha1_base64="5MKBtmdHwvB/Duu+Nu5fKhuav9M="></latexit>

ImSE(�✏) ⇡ exp

✓
� 1

�✏

◆
= exp

✓
� 1

3✏

◆



What if we only know the first N terms? 

                    

Finite-order resummation

<latexit sha1_base64="LFC7aTf+iwNH7AfUqY4P1tIYS5M=">AAACM3icbVDLSsNAFJ34rPHVKq7cBIvgqiQi6rLoxmUF+4AmlMnkph06Mwkzk0oJ/Qm3+ht+jLgTt/6D0zYL23pg4HDuvXPuPWHKqNKu+2GtrW9sbm2Xduzdvf2Dw3LlqKWSTBJokoQlshNiBYwKaGqqGXRSCZiHDNrh8H5ab49AKpqIJz1OIeC4L2hMCdZG6viUGxdQvXLVrbkzOKvEK0gVFWj0KtaJHyUk4yA0YVipruemOsix1JQwmNh+piDFZIj70DVUYA4qyGcLT5xzo0ROnEjzhHZm6t+JHHOlxjw0nRzrgVquTcX/at1Mx7dBTkWaaRBkbhRnzNGJM73eiagEotnYEEwkNbs6ZIAlJtpktOCSDsaKErV4SBjkoEbmh4lt+xIEPJOEcywi34i5PxpNTJDecmyrpHVZ865r3uNVtX5XRFpCp+gMXSAP3aA6ekAN1EQEMfSCXtGb9W59Wl/W97x1zSpmjtECrJ9fbvGrjQ==</latexit>

=) ! There are no singularities!

Padé-Borel transform: approximate a polynomial by a ratio of polynomials          

The poles of            approximate the singularities 
of the full Borel transform

<latexit sha1_base64="qOt2TYhEeRIxiJ3iu/qSzdTWH5I="></latexit>

P[B](t)

<latexit sha1_base64="p/zY+oC/wZyS2hR9VYJw7HbisIA="></latexit>

E(✏) ⇠
N�1X

n=0

an✏
n as ✏ ! 0

<latexit sha1_base64="Znb2OaMpWqJHpxvhNpy1AX2QJUo="></latexit>

B(t) =
N�1X

n=0

an
n!

tn

<latexit sha1_base64="rk/DOcE6ufPy2/pBjIiuQB9jwNY=">AAACMHicbVDLSgMxFM3UV62vVnHlZrAIglBmRNSNUHTjQqWCfUBnKJn0tg1NMkOSqZSh3+BWf8Ov0ZW49StM21nY1gOBwzn35t57gohRpR3n08osLa+srmXXcxubW9s7+cJuTYWxJFAlIQtlI8AKGBVQ1VQzaEQSMA8Y1IP+zdivD0AqGoonPYzA57graIcSrI1UvTu5v3po5YtOyZnAXiRuSoooRaVVsPa9dkhiDkIThpVquk6k/QRLTQmDUc6LFUSY9HEXmoYKzEH5yWTbkX1klLbdCaV5QtsT9W9HgrlSQx6YSo51T817Y/E/rxnrzqWfUBHFGgSZDurEzNahPT7dblMJRLOhIZhIana1SQ9LTLQJaGZK1BsqStTsIYGfgBqYH0a5nCdBwDMJOcei7Rkx8QaDkQnSnY9tkdROS+55yX08K5av00iz6AAdomPkogtURreogqqIIIpe0Ct6s96tD+vL+p6WZqy0Zw/NwPr5BWZRqW8=</latexit>

L+M = N

<latexit sha1_base64="2E3jmU7sAhv4W8sFBVEl4XatODA="></latexit>

P[B](t) =
PL(t)

QM (t)
= B(t) +O(tN )

<latexit sha1_base64="7DbQXg1Yw3KEx8HfcY/VOy39o/8=">AAACMHicbVDLSsNAFJ34rPXVKq7cBIvgqiQi6kYounElFUxbaEKZTG/boTOTMDOJlNBvcKu/4dfoStz6FU7bLGzrgYHDOffOvfeEMaNKO86ntbK6tr6xWdgqbu/s7u2XygcNFSWSgEciFslWiBUwKsDTVDNoxRIwDxk0w+HdxG+mIBWNxJMexRBw3Be0RwnWRvIeblzH6ZQqTtWZwl4mbk4qKEe9U7aO/G5EEg5CE4aVartOrIMMS00Jg3HRTxTEmAxxH9qGCsxBBdl027F9apSu3YukeULbU/VvR4a5UiMemkqO9UAtehPxP6+d6N51kFERJxoEmQ3qJczWkT053e5SCUSzkSGYSGp2tckAS0y0CWhuSjwYKUrU/CFhkIFKzQ/jYtGXIOCZRJxj0fWNmPlpOjZBuouxLZPGedW9rLqPF5XabR5pAR2jE3SGXHSFauge1ZGHCKLoBb2iN+vd+rC+rO9Z6YqV9xyiOVg/vwtyqTw=</latexit>

N = 100
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Perturbation theory done properly:

Anharmonic oscillator - solved

<latexit sha1_base64="EYf7Vm/nhMx95xAp0WaVJx6PbdU="></latexit>

an ⇠ (�1)n+1

p
6

⇡3/2
3n�

�
n+ 1

2

�
, n ! 1

<latexit sha1_base64="VSU9kVbIVYVUmnav3ZSDJJj90nk="></latexit>

E(✏) ⇠
24X

n=0

an✏
n =

1

2
+

3

4
✏� 21

8
✏2 +

333

16
✏3 � 30885

128
✏4 +

916731

256
✏5 � 65518401

1024
✏6 + . . . , ✏ ! 0

<latexit sha1_base64="0vqBBOzfih7CfDgkbx/AgIlSsJ4="></latexit>

B(t) =
24X

n=0

an
n!

tn

<latexit sha1_base64="5WQQu3OuAkAyZdoiXIDobfShJCk="></latexit>

P[B](t) =
P12(t)

Q13(t)
=

24X

n=0

an
n!

tn +O(t25)

STEP 1:

STEP 2:

STEP 3:

STEP 4:

STEP 5:

Inverse lifetime:

Ground state energy:
<latexit sha1_base64="C/X59a4g3BN9s6vRjzaToV4Txrw="></latexit>

24X

n=0

an = �1.45⇥ 1034

<latexit sha1_base64="VECdx2FR4C/PWAxPGT+4yVx1fNU="></latexit>✓
� d2

dx2
+

x2

4
+ ✏

x4

4

◆
y(x; ✏) = E(✏)y(x; ✏)

<latexit sha1_base64="rVkV7E4sAYfOWFh5+XpoNOU3YJk="></latexit>

Numerical integration : E(1) = 0.803770 . . .
<latexit sha1_base64="JGvsxG6jM7p1pM1yv/KIEXjMPRU="></latexit>

SE(✏) =
1

✏

Z 1

0
dt e�t/✏P[B](t)

<latexit sha1_base64="BXbwg2Qo/Rq5BlLIUmc4j9o0t2U="></latexit>

Borel summation : SE(1) = 0.803773 . . .

<latexit sha1_base64="UrBS+/CxXTID6yglyqCUHwTtvQI="></latexit>

ImSE(�✏) / � ⇡ exp

✓
� 1

3✏

◆



We calculated the ground state energy for         . Repeat this process for: 

i)   

ii)   

A comprehensive Mathematica file on using Borel summation for the anharmonic oscillator can be found on my 
website: 

Using that file, you can numerically calculate the new ground state energies and generate as many perturbative 
coefficients as you want. 

Do you need more or less than 25 terms in the perturbative expansion to achieve comparable precision? 

Repeat this process for the first excited state, how does it compare?

Practice

<latexit sha1_base64="MySTtVOLG6f+dvItCqaw7V7oFi8=">AAACNXicbVDJSgNBEO1xjXFLFE9eBoPgKcyIqBch6MVjBLNgZgg9nUrSpJehu2ckDPkLr/obfosHb+LVX7CzHEzig4bHe1VdVS+KGdXG8z6cldW19Y3N3FZ+e2d3b79QPKhrmSgCNSKZVM0Ia2BUQM1Qw6AZK8A8YtCIBndjv5GC0lSKRzOMIeS4J2iXEmys9BRArCmT4sZvF0pe2ZvAXSb+jJTQDNV20TkKOpIkHIQhDGvd8r3YhBlWhhIGo3yQaIgxGeAetCwVmIMOs8nKI/fUKh23K5V9wrgT9W9HhrnWQx7ZSo5NXy96Y/E/r5WY7nWYUREnBgSZDuomzDXSHd/vdqgCYtjQEkwUtbu6pI8VJsamNDcl7g81JXr+kCjMQKf2h1E+HygQ8Ewk51h0AitmQZqObJD+YmzLpH5e9i/L/sNFqXI7izSHjtEJOkM+ukIVdI+qqIYIEugFvaI35935dL6c72npijPrOURzcH5+AZDJrBY=</latexit>

✏ = 1
<latexit sha1_base64="6HV3QYBVDTYlF0b0I4ECy7j/1zY=">AAACN3icbVDJSgNBFOxxjXGLiicvg0HwFGZE1IsgevEYwSyQGUJP5yVp7I3unkgY5je86m/4KZ68iVf/wM5yMIkFDUXV27oSxaixQfDhLS2vrK6tFzaKm1vbO7ulvf26kakmUCOSSd1MsAFGBdQstQyaSgPmCYNG8nQ38hsD0IZK8WiHCmKOe4J2KcHWSVEEylAmxXVQCdulclAJxvAXSTglZTRFtb3nHUYdSVIOwhKGjWmFgbJxhrWlhEFejFIDCpMn3IOWowJzMHE2Pjr3T5zS8btSuyesP1b/dmSYGzPkiavk2PbNvDcS//Naqe1exRkVKrUgyGRRN2W+lf4oAb9DNRDLho5goqm71Sd9rDGxLqeZLao/NJSY2Y8kcQZm4CbkxWKkQcAzkZxj0YmcmEWDQe6CDOdjWyT1s0p4UQkfzss3t9NIC+gIHaNTFKJLdIPuURXVEEEKvaBX9Oa9e5/el/c9KV3ypj0HaAbezy+KcqyI</latexit>

✏ = 0.1
<latexit sha1_base64="S3W/7Q/L5wWL3FwMWTGZjT05IFA=">AAACNnicbVDJSgNBFOyJW4xbonjyMhgET2FGRL0IQS8eI5gFMkPo6bwkTXoZunsiYZjP8Kq/4a948SZe/QQ7y8EkFjQUVW/rimJGtfG8Dye3tr6xuZXfLuzs7u0fFEuHDS0TRaBOJJOqFWENjAqoG2oYtGIFmEcMmtHwfuI3R6A0leLJjGMIOe4L2qMEGyu1A4g1ZVLc+l6nWPYq3hTuKvHnpIzmqHVKznHQlSThIAxhWOu278UmTLEylDDICkGiIcZkiPvQtlRgDjpMpzdn7plVum5PKvuEcafq344Uc63HPLKVHJuBXvYm4n9eOzG9mzClIk4MCDJb1EuYa6Q7CcDtUgXEsLElmChqb3XJACtMjI1pYUs8GGtK9OJHojAFPbITskIhUCDgmUjOsegGVkyD0SizQfrLsa2SxkXFv6r4j5fl6t080jw6QafoHPnoGlXRA6qhOiJIohf0it6cd+fT+XK+Z6U5Z95zhBbg/PwCD1asUA==</latexit>

✏ = 10

https://zachary-harris.grad.uconn.edu/research/

https://zachary-harris.grad.uconn.edu/research/


More details on the precision of Borel resummation: 

     “Physical Resurgent Extrapolation” : 

More physics applications:  

     “On the Higher Loop Euler-Heisenberg Trans-Series Structure” : 

     “Multi-instantons and Exact Results (I and II)” :                                    , 

     “Renormalons” :  

Non-perturbative definition of path integrals: 

     “What is QFT? Resurgent trans-series, Lefschetz thimbles, and new exact saddles” : 

These slides are available on my website: 

Thank you!
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