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Perturbation theory

✤ Primary tool in QM and QFT: perturbation theory. 

✤        In most cases,                   the sum diverges for all     

✤ E.g. ground state energy         : 

✤ Zeeman effect:  

✤ Stark effect:

O(g) = c0 + c1g + c2g
2 + . . .

<latexit sha1_base64="Wt4Ti9+9lLG2AIdwRlbw5mu4hkw=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiVQkmioBuh6MadFewDmhgmk2k6dPJgZiKU0E9w46+4caGIW5fu/BsnbRbaemCGwzn3cu89XsKokIbxrS0sLi2vrJbWyusbm1vb+s5uW8Qpx6SFYxbzrocEYTQiLUklI92EExR6jHS84VXudx4IFzSO7uQoIU6Igoj2KUZSSa5+ZIdIDjBi2c24GhxfYNeoYdeEgfotGNxbNZv5sRSuXjHqxgRwnpgFqYACTVf/sv0YpyGJJGZIiJ5pJNLJEJcUMzIu26kgCcJDFJCeohEKiXCyyUFjeKgUH/Zjrl4k4UT93ZGhUIhR6KnKfH0x6+Xif14vlf1zJ6NRkkoS4emgfsqgjGGeDvQpJ1iykSIIc6p2hXiAOMJSZVhWIZizJ8+TtlU3T+rW7WmlcVnEUQL74ABUgQnOQANcgyZoAQwewTN4BW/ak/aivWsf09IFrejZA3+gff4AvsCbIQ==</latexit>

! cn ⇠ n!
<latexit sha1_base64="/Wbv8jLBc77xmhTq6nVATy1LOfo=">AAAB8XicbVDLSgNBEOz1GeMr6tHLaBA8hd0o6DHoxWME88BkCbOT2WTIPJaZWSEs+QsvHhTx6t9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kmPpCe7hgkkT3qlsl/xZ0DLJMhJGXLUe6Wvbl+RVFBpCcfGdAI/sWGGtWWE00mxmxqaYDLCA9pxVGJBTZjNLp6gM6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR91GeaEsvHjmCimbsVkSHWmFgXUtGFECy+vEya1UpwUaneX5ZrN3kcBTiGUziHAK6gBndQhwYQkPAMr/DmGe/Fe/c+5q0rXj5zBH/gff4A49KQZg==</latexit>

g
<latexit sha1_base64="op9YQdDvwJgXXtxm6zU1a2faInk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rBfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fzcOM7w==</latexit>

cn ⇠ (�1)n(2n)!
<latexit sha1_base64="+JNNlJWbsKgloyOF7Yq2YB0kdPY=">AAAB/XicbVDLSgMxFM3UV62v8bFzEy1Cu7DMVEGXRTcuK9gHtOOQSTNtaJIZkoxQh+KvuHGhiFv/w51/Y9rOQlsPXDiccy/33hPEjCrtON9Wbml5ZXUtv17Y2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96IFLRSNzpUUw8jvqChhQjbSTfPsC+6CrKYenULd8LWKqK8pFvF52KMwVcJG5GiiBD3be/ur0IJ5wIjRlSquM6sfZSJDXFjIwL3USRGOEh6pOOoQJxorx0ev0YnhilB8NImhIaTtXfEyniSo14YDo50gM1703E/7xOosNLL6UiTjQReLYoTBjUEZxEAXtUEqzZyBCEJTW3QjxAEmFtAiuYENz5lxdJs1pxzyrV2/Ni7SqLIw8OwTEoARdcgBq4AXXQABg8gmfwCt6sJ+vFerc+Zq05K5vZB39gff4AL4qTGQ==</latexit>

cn ⇠ (2n)!
<latexit sha1_base64="JR+qj87VGJFNg1lFLixXCzdWi74=">AAAB9HicbVBNSwMxEJ2tX7V+VT16iRahXspuFfRY9OKxgv2AdinZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0d3Mb42p0iySj2YSU1/ggWQhI9hYySc92dVMoHJVXpz2iiW34s6BVomXkRJkqPeKX91+RBJBpSEca93x3Nj4KVaGEU6nhW6iaYzJCA9ox1KJBdV+Oj96is6t0kdhpGxJg+bq74kUC60nIrCdApuhXvZm4n9eJzHhjZ8yGSeGSrJYFCYcmQjNEkB9pigxfGIJJorZWxEZYoWJsTkVbAje8surpFmteJeV6sNVqXabxZGHEziDMnhwDTW4hzo0gMATPMMrvDlj58V5dz4WrTknmzmGP3A+fwAkEJEH</latexit>

E0(g)
<latexit sha1_base64="zBlAplOOCa2Grdaaf4mPr6pnhDk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ixKILHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Gbmt5+o0kyKBzOJqR/hoWAhI9hYqXXbd8vD836x5FbcOdAq8TJSggyNfvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeGVnzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqla8WqV6f1GqX2dx5OEETqEMHlxCHe6gAU0g8AjP8ApvjnRenHfnY9Gac7KZY/gD5/MHRqiORg==</latexit>

4

Stable

Unstable

)
<latexit sha1_base64="aa+RtvqzfdVoDKVWFQEMlw9hXxM=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjFfkAayma7aZdudsPuRCmlP8OLB0W8+mu8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdgqbu/s7u2XDg6bRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8mfqtR6YNV/IBRykLE9KXPOaUoJWCzj3vD5BorZ66pbJX8WZwl4mfkzLkqHdLX52eolnCJFJBjAl8L8VwTDRyKtik2MkMSwkdkj4LLJUkYSYcz06euKdW6bmx0rYkujP198SYJMaMksh2JgQHZtGbiv95QYbxVTjmMs2QSTpfFGfCReVO/3d7XDOKYmQJoZrbW106IJpQtCkVbQj+4svLpFmt+OeV6t1FuXadx1GAYziBM/DhEmpwC3VoAAUFz/AKbw46L8678zFvXXHymSP4A+fzB5JpkXE=</latexit>
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Perturbation theory

✤ Why does perturbation theory work? 

✤ Asymptotic series 

✤ Optimal truncation: truncate series at order

NX

n=0

n!xn

<latexit sha1_base64="58kCPNbAm+Hqb14FarCh6J2DG/A=">AAAB/HicbVBNS8NAEJ34WetXtUcvq0XwVJIq6EUoevEkFewHtGnZbDft0s0m7G7EEOpf8eJBEa/+EG/+G7dtDtr6YODx3gwz87yIM6Vt+9taWl5ZXVvPbeQ3t7Z3dgt7+w0VxpLQOgl5KFseVpQzQeuaaU5bkaQ48DhteqPrid98oFKxUNzrJKJugAeC+YxgbaReodhRcdBLxaU97t4icYgeu0Yt2WV7CrRInIyUIEOtV/jq9EMSB1RowrFSbceOtJtiqRnhdJzvxIpGmIzwgLYNFTigyk2nx4/RsVH6yA+lKaHRVP09keJAqSTwTGeA9VDNexPxP68da//CTZmIYk0FmS3yY450iCZJoD6TlGieGIKJZOZWRIZYYqJNXnkTgjP/8iJpVMrOablyd1aqXmVx5OAAjuAEHDiHKtxADepAIIFneIU368l6sd6tj1nrkpXNFOEPrM8fkNKUDw==</latexit>

N ⇠ 1/x
<latexit sha1_base64="6pj9LemusbjqyRiY1f/kYLGJ09c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU91tBT0WvXiSCvZD2qVk02wbmmSXJCuWpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up33qkSrNI3ptxTH2BB5KFjGBjpYfbrmYCeWdPvWLJLbszoGXiZaQEGeq94le3H5FEUGkIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFUYkG1n84OnqATq/RRGClb0qCZ+nsixULrsQhsp8BmqBe9qfif10lMeOmnTMaJoZLMF4UJRyZC0+9RnylKDB9bgoli9lZEhlhhYmxGBRuCt/jyMmlWyl61XLk7L9WusjjycATHcAoeXEANbqAODSAg4Ble4c1Rzovz7nzMW3NONnMIf+B8/gDRzo/D</latexit>

NX

n=0

(�1)nn!xn

<latexit sha1_base64="LkS4QgvoWQ5fRt/5bl6D8/p+Q7s=">AAACA3icbVA9SwNBEJ2LXzF+Re20WQ1CLAx3UdBGCNpYSQTzAckl7G02yZK9vWN3TwxHwMa/YmOhiK1/ws5/4ya5QqMPBh7vzTAzzws5U9q2v6zU3PzC4lJ6ObOyura+kd3cqqogkoRWSMADWfewopwJWtFMc1oPJcW+x2nNG1yO/dodlYoF4lYPQ+r6uCdYlxGsjdTO7jRV5LdjcW6PWtcof+QctgQSe+i+ZcycXbAnQH+Jk5AcJCi3s5/NTkAinwpNOFaq4dihdmMsNSOcjjLNSNEQkwHu0YahAvtUufHkhxE6MEoHdQNpSmg0UX9OxNhXauh7ptPHuq9mvbH4n9eIdPfMjZkII00FmS7qRhzpAI0DQR0mKdF8aAgmkplbEeljiYk2sWVMCM7sy39JtVhwjgvFm5Nc6SKJIw27sA95cOAUSnAFZagAgQd4ghd4tR6tZ+vNep+2pqxkZht+wfr4BjLalfA=</latexit>
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1.11

1.12

1.13

1.14

1.15
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0.900

0.905

0.910
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(x = 0.1)
<latexit sha1_base64="MnrP7gT6hLMSW2WS1Tel+4YD5i0=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBHqZdmtgl6EohePFewHtEvJptk2NJtdkqxYlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL0gE18Z1v9HK6tr6xmZhq7i9s7u3Xzo4bOo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGN1O/dYjU5rH8sGME+ZHZCB5yCkxVmpVnq5dxzvrlcqu486Al4mXkzLkqPdKX91+TNOISUMF0brjuYnxM6IMp4JNit1Us4TQERmwjqWSREz72ezcCT61Sh+HsbIlDZ6pvycyEmk9jgLbGREz1IveVPzP66QmvPIzLpPUMEnni8JUYBPj6e+4zxWjRowtIVRxeyumQ6IINTahog3BW3x5mTSrjnfuVO8vyrWbPI4CHMMJVMCDS6jBHdShARRG8Ayv8IYS9ILe0ce8dQXlM0fwB+jzB3p3jlk=</latexit>
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Perturbation theory

✤ What’s wrong with just truncating? 

✤ If                                 , optimally truncating yields an error 

✤ This is precisely the scale of non-perturbative phenomena. 

✤ We need a more subtle way to extract information.

f(x) =
N�1X

n=0

cnx
n +RN (x)

<latexit sha1_base64="2tHi+PdadHPU68JtL/v7OiO2g8M=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoVsSRV0E2h6MZVqWIf0EeYTCft0MkkzEykJeQH3Pgrblwo4ta9O//G6WOhrQcuHM65l3vvcUNGpbKsb2NhcWl5ZTW1ll7f2NzaNnd2qzKIBCYVHLBA1F0kCaOcVBRVjNRDQZDvMlJz+9cjv/ZAhKQBv1fDkLR81OXUoxgpLTnmoZcdHBeaMvKdmBespB2XTu0EYofDQZuf3Dkl7TtmxspZY8B5Yk9JBkxRdsyvZifAkU+4wgxJ2bCtULViJBTFjCTpZiRJiHAfdUlDU458Ilvx+JsEHmmlA71A6OIKjtXfEzHypRz6ru70kerJWW8k/uc1IuVdtmLKw0gRjieLvIhBFcBRNLBDBcGKDTVBWFB9K8Q9JBBWOsC0DsGefXmeVPM5+yyXvz3PFK+mcaTAPjgAWWCDC1AEN6AMKgCDR/AMXsGb8WS8GO/Gx6R1wZjO7IE/MD5/ALirmg8=</latexit>

|RN (x)|N⇡1/x ⇡ e�1/x

p
x

<latexit sha1_base64="WLqYQD/TKaRKBnTF6zDVzBsgHoY="></latexit>

5 10 15 20
0.900

0.905

0.910

0.915

0.920

0.925

0.930

6
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Borel summation

✤ For a given asymptotic series, construct the Borel transform function  

✤ By dividing out the leading growth, the Borel transform function will 
have a non-zero radius of convergence. 

✤ The Borel sum of        is given by the Laplace integral (if it exists) 

✤ Big picture: singularities of the Borel transform encode non-
perturbative information which isn’t directly accessible from the 
perturbative expansion.

f(g)
?
=

1X

n=0

cng
n, cn ⇠ n!

<latexit sha1_base64="ehzIQPfk4RHPDzNdschnNlgAJWQ="></latexit>

B[f ](t) =
1X

n=0

cn
n!

tn

<latexit sha1_base64="eYvtliNaaslbnrJTny+/qVL53EM=">AAACH3icbVDLSsNAFJ34rPVVdelmtAi6KUkVdVModeOygm2FJpbJdKJDJ5MwcyOEkD9x46+4caGIuOvfOGm78HVg4HDOPdy5x48F12DbY2tufmFxabm0Ul5dW9/YrGxtd3WUKMo6NBKRuvGJZoJL1gEOgt3EipHQF6znjy4Kv/fAlOaRvIY0Zl5I7iQPOCVgpEHl1A0J3FMislbeD7xDOGq4OgkHmWzY+a3LZQApdgNFaEYHMs/kXo7h1gSrds2eAP8lzoxU0QztQeXTHUY0CZkEKojWfceOwcuIAk4Fy8tuollM6Ijcsb6hkoRMe9nkvhwfGGWIg0iZJwFP1O+JjIRap6FvJotr9G+vEP/z+gkE517GZZwAk3S6KEgEhggXZeEhV4yCSA0hVHHzV0zviSkDTKVlU4Lz++S/pFuvOce1+tVJtdma1VFCu2gfHSIHnaEmukRt1EEUPaJn9IrerCfrxXq3Pqajc9Yss4N+wBp/AYvBo0k=</latexit>

)
<latexit sha1_base64="aa+RtvqzfdVoDKVWFQEMlw9hXxM=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjFfkAayma7aZdudsPuRCmlP8OLB0W8+mu8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdgqbu/s7u2XDg6bRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8mfqtR6YNV/IBRykLE9KXPOaUoJWCzj3vD5BorZ66pbJX8WZwl4mfkzLkqHdLX52eolnCJFJBjAl8L8VwTDRyKtik2MkMSwkdkj4LLJUkYSYcz06euKdW6bmx0rYkujP198SYJMaMksh2JgQHZtGbiv95QYbxVTjmMs2QSTpfFGfCReVO/3d7XDOKYmQJoZrbW106IJpQtCkVbQj+4svLpFmt+OeV6t1FuXadx1GAYziBM/DhEmpwC3VoAAUFz/AKbw46L8678zFvXXHymSP4A+fzB5JpkXE=</latexit>

f(g)
<latexit sha1_base64="9Sal0suHRxBZj1eU8gmN2g0ekkM=">AAAB/3icbVDLSsNAFL3xWeur6tLNYBHqpiRV0GXRjcsK9gFtKJPppBk6mYSZiRBCF/6AW/0Dd+LWT/EH/A4nbRa29cCFwzn3cu89XsyZ0rb9ba2tb2xubZd2yrt7+weHlaPjjooSSWibRDySPQ8rypmgbc00p71YUhx6nHa9yV3ud5+oVCwSjzqNqRvisWA+I1jnkl8bXwwrVbtuz4BWiVOQKhRoDSs/g1FEkpAKTThWqu/YsXYzLDUjnE7Lg0TRGJMJHtO+oQKHVLnZ7NYpOjfKCPmRNCU0mql/JzIcKpWGnukMsQ7UspeL/3n9RPs3bsZEnGgqyHyRn3CkI5Q/jkZMUqJ5aggmkplbEQmwxESbeBa2xEGqGFFTE4yzHMMq6TTqzmW98XBVbd4WEZXgFM6gBg5cQxPuoQVtIBDAC7zCm/VsvVsf1ue8dc0qZk5gAdbXL7f3lqw=</latexit>

7

Sf(g) = 1

g

Z 1

0
dt e�t/gB[f ](t) ⇠

1X

n=0

cng
n, g ! 0

<latexit sha1_base64="fPRc4zM8EABzQ/xDHsB8rAOWDFQ="></latexit>
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Borel summation

✤ Example: pure factorial growth 

✤ Borel transform has one singularity off the integration contour, so the 
Borel sum is well-defined and unambiguous in the right-half complex 
g plane 

✤ The global analytic properties of the incomplete gamma function are 
well-known, including it’s asymptotic expansion as 

g
<latexit sha1_base64="le5VdQP+0D3ZBZzT3McNNUEhMuU=">AAAB/HicbVDLSsNAFL2pr1pfVZdugkVwVZIq6LLoxmUL9gFtKJPpTTt0MgkzEyGE+gNu9Q/ciVv/xR/wO5y2WdjWAxcO59zLvff4MWdKO863VdjY3NreKe6W9vYPDo/KxydtFSWSYotGPJJdnyjkTGBLM82xG0skoc+x40/uZ37nCaVikXjUaYxeSEaCBYwSbaTmaFCuOFVnDnuduDmpQI7GoPzTH0Y0CVFoyolSPdeJtZcRqRnlOC31E4UxoRMywp6hgoSovGx+6NS+MMrQDiJpSmh7rv6dyEioVBr6pjMkeqxWvZn4n9dLdHDrZUzEiUZBF4uChNs6smdf20MmkWqeGkKoZOZWm46JJFSbbJa2xONUMaqmJhh3NYZ10q5V3atqrXldqd/lERXhDM7hEly4gTo8QANaQAHhBV7hzXq23q0P63PRWrDymVNYgvX1CyNpldc=</latexit>

Sf(g) ⇠ e1/g

g
e�1/g

�
g � g2 + 2g3 � 6g4 + 24g5 � . . .

�
=

1X

n=0

(�1)nn!gn

<latexit sha1_base64="kQrmht6XDz2pRUP3ViQOU9VUwvU="></latexit>

8

f(g) =
1X

n=0

(�1)nn!gn ) B[f ](t) =
1X

n=0

(�1)ntn =
1

1 + t
<latexit sha1_base64="EPY/r3qNeMKUqPX83an58L3E8Ks="></latexit>

Sf(g) = 1

g

Z 1

0
dt

1

1 + t
e�t/g =

e1/g

g
�
⇣
0, 1

g

⌘
, Re g > 0

<latexit sha1_base64="UkEeL9z/MeRuVGZRdFIXW2Fb5J8="></latexit>

g ! 0
<latexit sha1_base64="RJcFoAlUSwaCpLojPL1QEaK2ptU=">AAACCXicbVDLSsNAFJ34rPVVdelmsAiuSlIFXRbduKxgH9DGMplOkqGTSZi5UULoF/gDbvUP3Ilbv8If8DuctlnY1gMXDufcy7kcLxFcg21/Wyura+sbm6Wt8vbO7t5+5eCwreNUUdaisYhV1yOaCS5ZCzgI1k0UI5EnWMcb3Uz8ziNTmsfyHrKEuREJJPc5JWCkh6CveBACUSp+wvagUrVr9hR4mTgFqaICzUHlpz+MaRoxCVQQrXuOnYCbEwWcCjYu91PNEkJHJGA9QyWJmHbz6ddjfGqUIfZjZUYCnqp/L3ISaZ1FntmMCIR60ZuI/3m9FPwrN+cySYFJOgvyU4EhxpMK8JArRkFkhhCquPkV05AoQsEUNZeShJnmVI9NMc5iDcukXa8557X63UW1cV1UVELH6ASdIQddoga6RU3UQhQp9IJe0Zv1bL1bH9bnbHXFKm6O0Bysr18Q5JtO</latexit>
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Borel summation

✤ What about            ? The coefficients are now non-alternating 

✤      Borel transform has a pole on the integration contour 

✤ Need a prescription to deform the contour

9

!

Sf(�g) = �1

g

Z 1

0
dt

1

1� t
e�t/g ?

= �e�1/g

g
�
⇣
0,� 1

g

⌘

<latexit sha1_base64="mvHDj9WSE0zXg5TnWHhO6lxMFSg="></latexit>

f(�g) =
1X

n=0

n!gn ) B[f ](t) =
1X

n=0

tn =
1

1� t
<latexit sha1_base64="Di7qKtvejbOxJe6jH7cu4kX/UjQ="></latexit>

Re t
<latexit sha1_base64="NYRj4ZtZwKak4lZw2YFXi4LjlEQ="></latexit>

Im t
<latexit sha1_base64="OOM1ULV5qDwbSBfsxnrt6t8uh7I="></latexit>

Re g < 0
<latexit sha1_base64="0fUV8Q0mBcTI7yr6raIlYpadhGg=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6MFD0IvHKOYByRJmJ73JkNkHM7PCsuTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3ebHgStv2t7Wyura+sVnYKm7v7O7tlw4OmypKJMMGi0Qk2x5VKHiIDc21wHYskQaewJY3up34rSeUikfho05jdAM6CLnPGdVGanUfkAyu7V6pbFfsKcgycXJShhz1Xumn249YEmComaBKdRw71m5GpeZM4LjYTRTGlI3oADuGhjRA5WbTc8fk1Ch94kfSVKjJVP07kdFAqTTwTGdA9VAtehPxP6+TaP/KzXgYJxpDNlvkJ4LoiEx+J30ukWmRGkKZ5OZWwoZUUqZNQnNb4mGqOFNjE4yzGMMyaVYrznmlen9Rrt3kERXgGE7gDBy4hBrcQR0awGAEL/AKb9az9W59WJ+z1hUrnzmCOVhfv52sl7I=</latexit>

Im [Sf(�g)] = ±1

2

✓Z

�+

�
Z

��

◆
= ±⇡

g
e�1/g

<latexit sha1_base64="TBrQCnst2ZVAr+o85OP5iIbZIbE="></latexit>
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<latexit sha1_base64="ASju6JiSN9uXENNvef1Ddf6W8eE="></latexit>

�+
<latexit sha1_base64="AxcXtW1uxb7yP46n658lp+J1SS8="></latexit>
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Borel summation

✤ Does this agree with the symbolic result                     ? Yes! 

✤ The singularities in the Borel plane encode: 

✤ the global analytic structure of the Borel sum. 

✤ imaginary, non-perturbative contributions to the Borel sum which 
were inaccessible from the original asymptotic expansion.
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<latexit sha1_base64="csRqmcW+9PsRhZqQuSk8KvzOK/c="></latexit>

Re g
<latexit sha1_base64="U9qcAMqYcOdyANPhZUIis7KVYnk=">AAACAHicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx7RuEACGzI79MKE2UdmZk3Ihos/4FX/wJvx6p/4A36HA+xBwEo6qVR1p7vLTwRX2ra/rcLa+sbmVnG7tLO7t39QPjxqqjiVDF0Wi1i2fapQ8AhdzbXAdiKRhr7Alj+6nfqtJ5SKx9GjHifohXQQ8YAzqo3kdh+QDHrlil21ZyCrxMlJBXI0euWfbj9maYiRZoIq1XHsRHsZlZozgZNSN1WYUDaiA+wYGtEQlZfNjp2QM6P0SRBLU5EmM/XvREZDpcahbzpDqodq2ZuK/3mdVAfXXsajJNUYsfmiIBVEx2T6OelziUyLsSGUSW5uJWxIJWXa5LOwJRmOFWdqYoJxlmNYJc1a1bmo1u4vK/WbPKIinMApnIMDV1CHO2iACww4vMArvFnP1rv1YX3OWwtWPnMMC7C+fgGkC5cy</latexit>
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<latexit sha1_base64="U5CKEoyb46s8fz4//uBHBXtZZBg=">AAACAHicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9EL3rDxAUS2JDZYRYmzMxuZmZNyIaLP+BV/8Cb8eqf+AN+hwPsQcBKOqlUdae7K0w408Z1v53C2vrG5lZxu7Szu7d/UD48auo4VYT6JOaxaodYU84k9Q0znLYTRbEIOW2Fo9up33qiSrNYPppxQgOBB5JFjGBjJb97L9CgV664VXcGtEq8nFQgR6NX/un2Y5IKKg3hWOuO5yYmyLAyjHA6KXVTTRNMRnhAO5ZKLKgOstmxE3RmlT6KYmVLGjRT/05kWGg9FqHtFNgM9bI3Ff/zOqmJroOMySQ1VJL5oijlyMRo+jnqM0WJ4WNLMFHM3orIECtMjM1nYUsyHGtG9MQG4y3HsEqatap3Ua09XFbqN3lERTiBUzgHD66gDnfQAB8IMHiBV3hznp1358P5nLcWnHzmGBbgfP0ComiXMQ==</latexit>
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Sf(�g) = Re [Sf(�g)] +
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<latexit sha1_base64="x6Uuv3WVuAbcV8KWLxY6R/HStYo="></latexit>

Connection formula:

+
<latexit sha1_base64="vdfbj9YYhAukSgQgxcctUnhQtF8=">AAACBXicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9EPXjERMAIGzI7zMKE2ZnNzKxkQzj7A171D7wZr36HP+B3OMAeBKykk0pVd7q7gpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpaJIrROJJfqIcCaciZo3TDD6UOsKI4CTpvB4HriN5+o0kyKe5PG1I9wT7CQEWys9Ni+kUOBlZLDTrHklt0p0DLxMlKCDLVO8afdlSSJqDCEY61bnhsbf4SVYYTTcaGdaBpjMsA92rJU4IhqfzS9eIxOrNJFoVS2hEFT9e/ECEdap1FgOyNs+nrRm4j/ea3EhJf+iIk4MVSQ2aIw4chINHkfdZmixPDUEkwUs7ci0scKE2NDmtsS91PNiB7bYLzFGJZJo1L2zsqVu/NS9SqLKA9HcAyn4MEFVOEWalAHAgJe4BXenGfn3flwPmetOSebOYQ5OF+/b5SZ6Q==</latexit>
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Resurgence

✤ Going beyond just perturbation theory, observables should have the 
generic structure of “trans-series” 

✤ Resurgence: the perturbative fluctuations and the fluctuations about 
the non-trivial “saddles” are related.
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Resurgence

✤ What if we only have a finite amount of perturbative data? 

✤ The Borel transform function is a polynomial (i.e. no singularities). 

✤ Solution: model poles with finite precision: 

✤ Padé approximant:                                                        ,                  

✤ Conformal map + Padé:  separates branch points.  

✤ Uniformization map + Padé:  separates branch points with higher precision.

L+M = N
<latexit sha1_base64="q57hucQnzTHOElH9NJ4TGEptkjA=">AAACAHicbVDLSsNAFL2pr1pfVZduBosgCCWpgm6EohsXKhVMW2hDmUwn7dDJJMxMhBK68Qfc6h+4E7f+iT/gdzhts7CtBy4czrmXe+/xY86Utu1vK7e0vLK6ll8vbGxube8Ud/fqKkokoS6JeCSbPlaUM0FdzTSnzVhSHPqcNvzB9dhvPFGpWCQe9TCmXoh7ggWMYG0k9/bk7vK+UyzZZXsCtEicjJQgQ61T/Gl3I5KEVGjCsVItx461l2KpGeF0VGgnisaYDHCPtgwVOKTKSyfHjtCRUbooiKQpodFE/TuR4lCpYeibzhDrvpr3xuJ/XivRwYWXMhEnmgoyXRQkHOkIjT9HXSYp0XxoCCaSmVsR6WOJiTb5zGyJ+0PFiBqZYJz5GBZJvVJ2TsuVh7NS9SqLKA8HcAjH4MA5VOEGauACAQYv8Apv1rP1bn1Yn9PWnJXN7MMMrK9fK7uW5w==</latexit>

PBN [O](t) =
PL(t)

QM (t)
= BN [O](t) +O(tN+1)

<latexit sha1_base64="pQ2n3RJDGUZXPB4wuYGhqeS/E0U="></latexit>
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Overview

✤ Resurgence and Borel summation 

✤ Euler-Heisenberg effective action 

✤ One-loop analysis 

✤ Two-loop analysis 

✤ Future work and conclusion 
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Euler-Heisenberg effective action

✤ QED (natural units,                   ) 

✤ “Integrate out” fermions (            ) and expand in fluctuations about a 
classical electromagnetic field configuration (             ,                    ) 

✤ Consider the quantity                 . Expanding the functional determinant 
in powers of   , we obtain 
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E� ⌧ me
<latexit sha1_base64="InGpBTYqToND3MFFlK0C4OQOi68=">AAACJHicbVDLSsNAFJ34rPUVdelmsAiuSlIFXRZFcFnBPqAJYTK5bYfOJGFmUgihf+LWfo07ceHGPxGcPha29cCFwzn3cu89YcqZ0o7zZW1sbm3v7Jb2yvsHh0fH9slpSyWZpNCkCU9kJyQKOIuhqZnm0EklEBFyaIfDh6nfHoFULIlfdJ6CL0g/Zj1GiTZSYNuPgdcnQhDscY5FAIFdcarODHiduAtSQQs0AvvHixKaCYg15USpruuk2i+I1IxyGJe9TEFK6JD0oWtoTAQov5hdPsaXRolwL5GmYo1n6t+JggilchGaTkH0QK16U/E/r5vp3p1fsDjNNMR0vqiXcawTPI0BR0wC1Tw3hFDJzK2YDogkVJuwlrYo89QAoqVHinSQK0bVuFw2ebmr6ayTVq3qXldrzzeV+v0iuRI6RxfoCrnoFtXRE2qgJqJohF7RG5pYE+vd+rA+560b1mLmDC3B+v4FdE2k2A==</latexit>

W = �i lnZ
<latexit sha1_base64="grrXeBKZDkZfqgnXMO8iCnoxcN8=">AAACHHicbVBNS8NAEN34WetX1aOXxSJ4sSRV0ItQ9OKxgv2gbSibzaRdutmE3Y0QQv+FV/trvIlXwR8juG1zsK0PBh5vZph5z4s5U9q2v6219Y3Nre3CTnF3b//gsHR03FRRIik0aMQj2faIAs4ENDTTHNqxBBJ6HFre6GHab72AVCwSzzqNwQ3JQLCAUaKN1GndXTLc4wJ3+qWyXbFnwKvEyUkZ5aj3Sz89P6JJCEJTTpTqOnas3YxIzSiHcbGXKIgJHZEBdA0VJATlZrOPx/jcKD4OImlKaDxT/25kJFQqDT0zGRI9VMu9qfhfr5vo4NbNmIgTDYLODwUJxzrCU/vYZxKo5qkhhEpmfsV0SCSh2oS0cEUZU0PwF4xk8TBVjKpxsWjycpbTWSXNasW5qlSfrsu1+zy5AjpFZ+gCOegG1dAjqqMGokigV/SGJtbEerc+rM/56JqV75ygBVhfv3eYob0=</latexit>

q
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<latexit sha1_base64="bSbfDVa3qIuQ+m57IcjKhfReuW4="></latexit>
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✤ The effective action can be written in terms of an effective Lagrangian 

✤    is the strength of the constant background field, magnetic or electric. 

✤ At each loop order, we can make a weak field expansion of the 
Lagrangian in powers of              asymptotic series

Euler-Heisenberg effective action

F
<latexit sha1_base64="QonnD3EGOEFC4jftyslj81JEDiE=">AAACEXicbVDLSsNAFJ34rPVVdelmsAiuSlIFXRYFcdmCfUAbymRy0wydTMLMRAihX+BS/Rh34tYv8FvcOG2zsK0HLhzOvZd7z/ESzpS27W9rbX1jc2u7tFPe3ds/OKwcHXdUnEoKbRrzWPY8ooAzAW3NNIdeIoFEHoeuN76b9rtPIBWLxaPOEnAjMhIsYJRoI7Xuh5WqXbNnwKvEKUgVFWgOKz8DP6ZpBEJTTpTqO3ai3ZxIzSiHSXmQKkgIHZMR9A0VJALl5rNHJ/jcKD4OYmlKaDxT/27kJFIqizwzGREdquXeVPyv1091cOPmTCSpBkHnh4KUYx3jqWvsMwlU88wQQiUzv2IaEkmoNtksXEnCTDGqFozkyjgNwZ+YtJzlbFZJp15zLmv11lW1cVvkVkKn6AxdIAddowZ6QE3URhQBekav6M16sd6tD+tzPrpmFTsnaAHW1y9qQZ6P</latexit>
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a(`)n ! perturbative data
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F 2
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<latexit sha1_base64="dSOphGYmZ84OKsplYYbzikIvqtE=">AAACG3icbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGK/YA2lM1m0yzdZMPuRAmhP8Oj+mO8iVcP/hYvbtscbOuDgcebGWbe8xLBNdj2t7Wyura+sVnaKm/v7O7tVw4O21qmirIWlUKqrkc0EzxmLeAgWDdRjESeYB1vdDPpdx6Z0lzGD5AlzI3IMOYBpwSM1Ovf82EIRCn5NKhU7Zo9BV4mTkGqqEBzUPnp+5KmEYuBCqJ1z7ETcHOigFPBxuV+qllC6IgMWc/QmERMu/n05TE+NYqPA6lMxYCn6t+NnERaZ5FnJiMCoV7sTcT/er0Ugis353GSAovp7FCQCgwST/xjnytGQWSGEKq4+RXTkChCwaQ0dyUJM82pnjOSa+M0ZP7YpOUsZrNM2vWac16r311UG9dFbiV0jE7QGXLQJWqgW9RELUSRRM/oFb1ZL9a79WF9zkZXrGLnCM3B+voFEKujMg==</latexit>
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Euler-Heisenberg effective action

✤ Lorentz invariant 

✤ The change from magnetic to electric field should be possible through 
analytic continuation              (recall             ). 

✤ Effects on particles 

✤ Schwinger mechanism: pair-production from polarizing the vacuum. 

✤ Non-perturbative effect                (need large    for a rate near unity).

F = �1

2

�
E2 �B2

�
<latexit sha1_base64="C66WD9ZnLamFfwHpgpqsgTD80T4="></latexit>

B ! iE
<latexit sha1_base64="LTGHLGCH14tlM09mMx2Y16tSGhA=">AAACIXicbVDLSsNAFJ34rPXRqEs3g0VwVZIq6LJUBJcV7APaUCaTSTN0MhNmJkoI/RKX6se4E3fip7hx2mZhWw9cOJxzL/fe4yeMKu04X9ba+sbm1nZpp7y7t39QsQ+POkqkEpM2FkzIno8UYZSTtqaakV4iCYp9Rrr++Gbqdx+JVFTwB50lxIvRiNOQYqSNNLQrzYGko0gjKcUTpLdDu+rUnBngKnELUgUFWkP7ZxAInMaEa8yQUn3XSbSXI6kpZmRSHqSKJAiP0Yj0DeUoJsrLZ4dP4JlRAhgKaYprOFP/TuQoViqLfdMZIx2pZW8q/uf1Ux1eeznlSaoJx/NFYcqgFnCaAgyoJFizzBCEJTW3QhwhibA2WS1sSaJMUawWHsmV+TQiwcSk5S5ns0o69Zp7UavfX1YbzSK3EjgBp+AcuOAKNMAdaIE2wCAFz+AVvFkv1rv1YX3OW9esYuYYLMD6/gUy2KS7</latexit>
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g ! �g
<latexit sha1_base64="Lz10KFQRGXXGgamvwylFiEJVfjQ=">AAACIXicbVDLSsNAFJ3UV62PRl26GSyCG0tSBV0W3bisYB/QhjKZTJOhk5kwM1FC6Je4VD/GnbgTP8WN0zYL23rgwuGce7n3Hj9hVGnH+bJKa+sbm1vl7crO7t5+1T447CiRSkzaWDAhez5ShFFO2ppqRnqJJCj2Gen649up330kUlHBH3SWEC9GIacjipE20tCuhgNJw0gjKcUTPA+Hds2pOzPAVeIWpAYKtIb2zyAQOI0J15ghpfquk2gvR1JTzMikMkgVSRAeo5D0DeUoJsrLZ4dP4KlRAjgS0hTXcKb+nchRrFQW+6YzRjpSy95U/M/rp3p07eWUJ6kmHM8XjVIGtYDTFGBAJcGaZYYgLKm5FeIISYS1yWphSxJlimK18EiuzKcRCSYmLXc5m1XSadTdi3rj/rLWvClyK4NjcALOgAuuQBPcgRZoAwxS8AxewZv1Yr1bH9bnvLVkFTNHYAHW9y9HEaTG</latexit>

⇠ e�1/E
<latexit sha1_base64="STKABEM8srXFPVkyd7k/xPFxiXE=">AAACHnicbVBNS8NAEN3Ur1q/qh69LBbBizWpgh6LInisYD+gSctmO22X7iZhdyOU0P/hUf0x3sSr/hYvbtocbOuDgcd7M8zM8yPOlLbtbyu3srq2vpHfLGxt7+zuFfcPGiqMJYU6DXkoWz5RwFkAdc00h1YkgQifQ9Mf3aZ+8wmkYmHwqMcReIIMAtZnlGgjdVzFhIuhk5w553eTbrFkl+0p8DJxMlJCGWrd4o/bC2ksINCUE6Xajh1pLyFSM8phUnBjBRGhIzKAtqEBEaC8ZHr1BJ8YpYf7oTQVaDxV/04kRCg1Fr7pFEQP1aKXiv957Vj3r72EBVGsIaCzRf2YYx3iNALcYxKo5mNDCJXM3IrpkEhCtQlqbks0HCtG1dwjiTKfDqGXpuUsZrNMGpWyc1GuPFyWqjdZbnl0hI7RKXLQFaqie1RDdUSRRM/oFb1ZL9a79WF9zlpzVjZziOZgff0Cz66jeQ==</latexit> E

<latexit sha1_base64="/dmrAkj6IWo5g9guDNN2fQLlPVc=">AAACEXicbVDLSsNAFJ34rPVVdelmsAiuSlIFXRZFcNmCfUAbymRy0wydTMLMRAihX+BS/Rh34tYv8FvcOG2zsK0HLhzOvZd7z/ESzpS27W9rbX1jc2u7tFPe3ds/OKwcHXdUnEoKbRrzWPY8ooAzAW3NNIdeIoFEHoeuN76b9rtPIBWLxaPOEnAjMhIsYJRoI7Xuh5WqXbNnwKvEKUgVFWgOKz8DP6ZpBEJTTpTqO3ai3ZxIzSiHSXmQKkgIHZMR9A0VJALl5rNHJ/jcKD4OYmlKaDxT/27kJFIqizwzGREdquXeVPyv1091cOPmTCSpBkHnh4KUYx3jqWvsMwlU88wQQiUzv2IaEkmoNtksXEnCTDGqFozkyjgNwZ+YtJzlbFZJp15zLmv11lW1cVvkVkKn6AxdIAddowZ6QE3URhQBekav6M16sd6tD+tzPrpmFTsnaAHW1y9olJ6O</latexit>

e�
<latexit sha1_base64="LNNI3Qn6QmwMZEu04+/DB3JBtXY=">AAACFXicbVBNS8NAEN34WetX1aOXxSJ4sSRV0GPRi8cKpi20sWw2k2bp5oPdjRBCf4NH9cd4E6+e/S1e3LQ52NYHA483M8y85yacSWWa38bK6tr6xmZlq7q9s7u3Xzs47Mg4FRRsGvNY9FwigbMIbMUUh14igIQuh647vi363ScQksXRg8oScEIyipjPKFFasuExP58Ma3WzYU6Bl4lVkjoq0R7WfgZeTNMQIkU5kbJvmYlyciIUoxwm1UEqISF0TEbQ1zQiIUgnnz47wada8bAfC12RwlP170ZOQimz0NWTIVGBXOwV4n+9fqr8aydnUZIqiOjskJ9yrGJcOMceE0AVzzQhVDD9K6YBEYQqnc/clSTIJKNyzkgutdMAvCItazGbZdJpNqyLRvP+st66KXOroGN0gs6Qha5QC92hNrIRRQw9o1f0ZrwY78aH8TkbXTHKnSM0B+PrF775oFk=</latexit> e+

<latexit sha1_base64="QVwCSt5ujji9+as35i6tKN4kKj8=">AAACFXicbVBNS8NAEN34WetX1aOXxSIIQkmqoMeiF48VTFtoY9lsJs3SzQe7GyGE/gaP6o/xJl49+1u8uGlzsK0PBh5vZph5z004k8o0v42V1bX1jc3KVnV7Z3dvv3Zw2JFxKijYNOax6LlEAmcR2IopDr1EAAldDl13fFv0u08gJIujB5Ul4IRkFDGfUaK0ZMNjfj4Z1upmw5wCLxOrJHVUoj2s/Qy8mKYhRIpyImXfMhPl5EQoRjlMqoNUQkLomIygr2lEQpBOPn12gk+14mE/Froihafq342chFJmoasnQ6ICudgrxP96/VT5107OoiRVENHZIT/lWMW4cI49JoAqnmlCqGD6V0wDIghVOp+5K0mQSUblnJFcaqcBeEVa1mI2y6TTbFgXjeb9Zb11U+ZWQcfoBJ0hC12hFrpDbWQjihh6Rq/ozXgx3o0P43M2umKUO0doDsbXL7udoFc=</latexit>

~B
<latexit sha1_base64="oSv7o6Ykf9/rG/0BvIdTlTx7A24=">AAACF3icbVBNS8NAEN34WetX1aOXxSJ4KkkV9FjqxWMF+wFtKJvNpFm62YTdTSGE/giP6o/xJl49+lu8uG1zsK0PBh5vZph5z0s4U9q2v62Nza3tnd3SXnn/4PDouHJy2lFxKim0acxj2fOIAs4EtDXTHHqJBBJ5HLre+H7W705AKhaLJ50l4EZkJFjAKNFG6g4mQPPmdFip2jV7DrxOnIJUUYHWsPIz8GOaRiA05USpvmMn2s2J1IxymJYHqYKE0DEZQd9QQSJQbj5/d4ovjeLjIJamhMZz9e9GTiKlssgzkxHRoVrtzcT/ev1UB3duzkSSahB0cShIOdYxnnnHPpNANc8MIVQy8yumIZGEapPQ0pUkzBSjaslIrozTEPxZWs5qNuukU68517X640210SxyK6FzdIGukINuUQM9oBZqI4rG6Bm9ojfrxXq3PqzPxeiGVeycoSVYX7+ZWaFZ</latexit>

e+
<latexit sha1_base64="QVwCSt5ujji9+as35i6tKN4kKj8=">AAACFXicbVBNS8NAEN34WetX1aOXxSIIQkmqoMeiF48VTFtoY9lsJs3SzQe7GyGE/gaP6o/xJl49+1u8uGlzsK0PBh5vZph5z004k8o0v42V1bX1jc3KVnV7Z3dvv3Zw2JFxKijYNOax6LlEAmcR2IopDr1EAAldDl13fFv0u08gJIujB5Ul4IRkFDGfUaK0ZMNjfj4Z1upmw5wCLxOrJHVUoj2s/Qy8mKYhRIpyImXfMhPl5EQoRjlMqoNUQkLomIygr2lEQpBOPn12gk+14mE/Froihafq342chFJmoasnQ6ICudgrxP96/VT5107OoiRVENHZIT/lWMW4cI49JoAqnmlCqGD6V0wDIghVOp+5K0mQSUblnJFcaqcBeEVa1mI2y6TTbFgXjeb9Zb11U+ZWQcfoBJ0hC12hFrpDbWQjihh6Rq/ozXgx3o0P43M2umKUO0doDsbXL7udoFc=</latexit>

e�
<latexit sha1_base64="LNNI3Qn6QmwMZEu04+/DB3JBtXY=">AAACFXicbVBNS8NAEN34WetX1aOXxSJ4sSRV0GPRi8cKpi20sWw2k2bp5oPdjRBCf4NH9cd4E6+e/S1e3LQ52NYHA483M8y85yacSWWa38bK6tr6xmZlq7q9s7u3Xzs47Mg4FRRsGvNY9FwigbMIbMUUh14igIQuh647vi363ScQksXRg8oScEIyipjPKFFasuExP58Ma3WzYU6Bl4lVkjoq0R7WfgZeTNMQIkU5kbJvmYlyciIUoxwm1UEqISF0TEbQ1zQiIUgnnz47wada8bAfC12RwlP170ZOQimz0NWTIVGBXOwV4n+9fqr8aydnUZIqiOjskJ9yrGJcOMceE0AVzzQhVDD9K6YBEYQqnc/clSTIJKNyzkgutdMAvCItazGbZdJpNqyLRvP+st66KXOroGN0gs6Qha5QC92hNrIRRQw9o1f0ZrwY78aH8TkbXTHKnSM0B+PrF775oFk=</latexit>

~E
<latexit sha1_base64="iGlW9EdsWJPXf7EByTyfvNBs5nI=">AAACF3icbVBNS8NAEN34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvNpFm62YTdTSGE/giP6o/xJl49+lu8uG1zsK0PBh5vZph5z0s4U9q2v6219Y3Nre3STnl3b//gsHJ03FZxKim0aMxj2fWIAs4EtDTTHLqJBBJ5HDre6G7a74xBKhaLJ50l4EZkKFjAKNFG6vTHQPP7yaBStWv2DHiVOAWpogLNQeWn78c0jUBoyolSPcdOtJsTqRnlMCn3UwUJoSMyhJ6hgkSg3Hz27gSfG8XHQSxNCY1n6t+NnERKZZFnJiOiQ7Xcm4r/9XqpDm7cnIkk1SDo/FCQcqxjPPWOfSaBap4ZQqhk5ldMQyIJ1SahhStJmClG1YKRXBmnIfjTtJzlbFZJu15zLmv1x6tq47bIrYRO0Rm6QA66Rg30gJqohSgaoWf0it6sF+vd+rA+56NrVrFzghZgff0CnmOhXA==</latexit>

(Recall Zeeman effect) (Recall Stark effect)
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Euler-Heisenberg effective action

✤ Goals: 

✤ With a finite number of terms in the weak magnetic field 
perturbative expansion, use Borel summation to extrapolate to 
strong magnetic field. 

✤ Physical application of Borel summation and resurgence. 

✤ Analytically continue            and study how the singularities in 
the Borel plane encode the non-perturbative Schwinger 
mechanism. 

✤ At two-loop, a closed-form expression for the pair-production rate is 
only partially known.

B ! iE
<latexit sha1_base64="LTGHLGCH14tlM09mMx2Y16tSGhA=">AAACIXicbVDLSsNAFJ34rPXRqEs3g0VwVZIq6LJUBJcV7APaUCaTSTN0MhNmJkoI/RKX6se4E3fip7hx2mZhWw9cOJxzL/fe4yeMKu04X9ba+sbm1nZpp7y7t39QsQ+POkqkEpM2FkzIno8UYZSTtqaakV4iCYp9Rrr++Gbqdx+JVFTwB50lxIvRiNOQYqSNNLQrzYGko0gjKcUTpLdDu+rUnBngKnELUgUFWkP7ZxAInMaEa8yQUn3XSbSXI6kpZmRSHqSKJAiP0Yj0DeUoJsrLZ4dP4JlRAhgKaYprOFP/TuQoViqLfdMZIx2pZW8q/uf1Ux1eeznlSaoJx/NFYcqgFnCaAgyoJFizzBCEJTW3QhwhibA2WS1sSaJMUawWHsmV+TQiwcSk5S5ns0o69Zp7UavfX1YbzSK3EjgBp+AcuOAKNMAdaIE2wCAFz+AVvFkv1rv1YX3OW9esYuYYLMD6/gUy2KS7</latexit>
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Overview

✤ Resurgence and Borel summation 

✤ Euler-Heisenberg effective action 

✤ One-loop analysis 

✤ Two-loop analysis 

✤ Future work and conclusion 

18
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One-loop analysis

✤ One-loop Euler-Heisenberg effective Lagrangian for a constant 
background magnetic field,    : 

✤ Already in the form of a Borel sum:

L(1)

✓
eB

m2

◆
= �B2

2

Z 1

0

dt

t2

✓
coth t� 1

t
� t

3

◆
e�m2t/(eB)

<latexit sha1_base64="NBnVfbvpgQYNrvAlTf5UOMAlkkY="></latexit>

B
<latexit sha1_base64="FPyR/4BBhtko2G5zxjf8Th0xx24=">AAACEXicbVDLSsNAFJ34rPVVdelmsAiuSlIFXZa6cdmCfUAbymRy0wydTMLMRAihX+BS/Rh34tYv8FvcOG2zsK0HLhzOvZd7z/ESzpS27W9rY3Nre2e3tFfePzg8Oq6cnHZVnEoKHRrzWPY9ooAzAR3NNId+IoFEHoeeN7mf9XtPIBWLxaPOEnAjMhYsYJRoI7Wbo0rVrtlz4HXiFKSKCrRGlZ+hH9M0AqEpJ0oNHDvRbk6kZpTDtDxMFSSETsgYBoYKEoFy8/mjU3xpFB8HsTQlNJ6rfzdyEimVRZ6ZjIgO1WpvJv7XG6Q6uHNzJpJUg6CLQ0HKsY7xzDX2mQSqeWYIoZKZXzENiSRUm2yWriRhphhVS0ZyZZyG4E9NWs5qNuukW68517V6+6baaBa5ldA5ukBXyEG3qIEeUAt1EEWAntErerNerHfrw/pcjG5Yxc4ZWoL19QtjjZ6L</latexit>
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<latexit sha1_base64="TjUrWaedt29cTD0mzMDiPGYVRoU="></latexit>
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�
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1X
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t
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<latexit sha1_base64="Yb+TYgKg49P55xI1yk4GPgjA66M="></latexit> -4 -2 2 4
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✤ Imaginary part of one-loop Lagrangian with constant electric field:

One-loop analysis
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◆

<latexit sha1_base64="0OSnCXyLAEumjj49lGG1oTiEoQc="></latexit>
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One-loop analysis

✤ Finite-order Borel analysis: weak field expansion (            ) 

✤ Borel transform: 

✤ Padé approximant:       What should  and  be?L M

a(1)n = (�1)n
�(2n+ 2)

⇡2n+2
⇣(2n+ 4)

<latexit sha1_base64="0kCMmMZMwxDXtBK3kY3mNwn456Q="></latexit>
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1
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1

32
1
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◆

<latexit sha1_base64="0FC9Z1su5DCsna4mhk7M0q4oYC0="></latexit>

eB ⌧ m2
<latexit sha1_base64="ybUFUUowYEU/JYuqCdwUHtmI9+s=">AAACBHicbVDLTgJBEJzFF+IL9ehlIjHxRHbRRI8ELx4xkYeBlcwODUyYmd3MzJpsNlz9Aa/6B96MV//DH/A7HGAPAlbSSaWqO91dQcSZNq777eTW1jc2t/LbhZ3dvf2D4uFRU4exotCgIQ9VOyAaOJPQMMxwaEcKiAg4tILxzdRvPYHSLJT3JonAF2Qo2YBRYqz0ALUu51g8VnrFklt2Z8CrxMtICWWo94o/3X5IYwHSUE607nhuZPyUKMMoh0mhG2uICB2TIXQslUSA9tPZwRN8ZpU+HoTKljR4pv6dSInQOhGB7RTEjPSyNxX/8zqxGVz7KZNRbEDS+aJBzLEJ8fR73GcKqOGJJYQqZm/FdEQUocZmtLAlGiWaUT2xwXjLMaySZqXsXZQrd5elai2LKI9O0Ck6Rx66QlV0i+qogSgS6AW9ojfn2Xl3PpzPeWvOyWaO0QKcr19vRpi4</latexit>
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<latexit sha1_base64="SrBdiEmNTwbDo0XdH9ec0lZWWSc="></latexit>
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<latexit sha1_base64="ceSmnMNv40mbwpptMyV5N06+PX4="></latexit>
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<latexit sha1_base64="Gf7HNokFaZeNgwL6E3JRfnBfMpE="></latexit>
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One-loop analysis

✤ We can enhance the Borel summation by encoding the strong field 
behavior (             ) into the Padé approximant: 

✤ Condition: for large , the Padé should go liket

eB � m2
<latexit sha1_base64="7qYID8O0pLo4AphOt1CyHIxG0DY=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRV0GWpG5cV7EPaWCbTSTp0JgkzEyGEbv0Bt/oH7sSt/+EP+B1O2yxs64ELh3Pu5d57vJgzpW372yqsrW9sbhW3Szu7e/sH5cOjtooSSWiLRDySXQ8ryllIW5ppTruxpFh4nHa88c3U7zxRqVgU3us0pq7AQch8RrA20gNt9IMAicfaoFyxq/YMaJU4OalAjuag/NMfRiQRNNSEY6V6jh1rN8NSM8LppNRPFI0xGeOA9gwNsaDKzWYHT9CZUYbIj6SpUKOZ+nciw0KpVHimU2A9UsveVPzP6yXav3YzFsaJpiGZL/ITjnSEpt+jIZOUaJ4agolk5lZERlhiok1GC1viUaoYURMTjLMcwypp16rORbV2d1mpN/KIinACp3AODlxBHW6hCS0gIOAFXuHNerberQ/rc95asPKZY1iA9fULXymYrg==</latexit>
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<latexit sha1_base64="l9aa8BWaJNbsod/J9sjUUf/Givc="></latexit>

Euler-Mascheroni 
constant
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<latexit sha1_base64="+qSeQBHUcRUN0yOs+ikhHc87HOY="></latexit>
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One-loop analysis

✤ We do not force that the coefficient be     , this emerges from the 
data      

�1
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One-loop analysis

✤ Borel summation of the one-loop magnetic field Lagrangian
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One-loop analysis

✤ Analytic continuation to an electric field configuration
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One-loop analysis

✤ Summary:  

✤ Using only the first 10 terms in the weak magnetic field expansion, 
we were able to: 

✤ Recover the first beta function coefficient by encoding the leading strong 
field behavior. 

✤ Extrapolate from weak magnetic field to strong magnetic field over eight 
orders of magnitude. 

✤ Analytically continue to a constant electric field and obtain the exact 
pair production rate at one-loop (an infinite sum of non-perturbative 
contributions). 

✤ Can the same be done at two-loop?
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Overview

✤ Resurgence and Borel summation 

✤ Euler-Heisenberg effective action 

✤ One-loop analysis 

✤ Two-loop analysis 

✤ Future work and conclusion 
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Two-loop analysis

✤ Two-loop Euler-Heisenberg effective action 

✤ New features at two loop: mass renormalization and virtual 
interaction within the fermion loop. 

✤ Effective Lagrangian:                 2-parameter integral2(`� 1) !
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Two-loop analysis

✤ Known/conjectured results: 

✤ Strong field behavior (            ) 

✤ Imaginary part of electric field Lagrangian
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Two-loop analysis

✤ Finite-order Borel analysis: 50 terms in weak field expansion 

✤ Borel transform: 

✤ Padé approximant:
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Two-loop analysis

✤ Instead of integer spaced poles, the Borel plane has branch cuts 

✤ The existence of repeated branch points is obscured.
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Two-loop analysis

✤ Compare to one-loop Borel singularity structure
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Two-loop analysis

✤ Exponential terms suppressed relative to power-law corrections 

✤ Access them directly        conformal map

t =
2z

1� z2
, z =

t

1 +
p
1 + t2

<latexit sha1_base64="Ksb9s5SuhhcJZ57bd5VMN0FCx6g="></latexit>

)
<latexit sha1_base64="aa+RtvqzfdVoDKVWFQEMlw9hXxM=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjFfkAayma7aZdudsPuRCmlP8OLB0W8+mu8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdgqbu/s7u2XDg6bRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8mfqtR6YNV/IBRykLE9KXPOaUoJWCzj3vD5BorZ66pbJX8WZwl4mfkzLkqHdLX52eolnCJFJBjAl8L8VwTDRyKtik2MkMSwkdkj4LLJUkYSYcz06euKdW6bmx0rYkujP198SYJMaMksh2JgQHZtGbiv95QYbxVTjmMs2QSTpfFGfCReVO/3d7XDOKYmQJoZrbW106IJpQtCkVbQj+4svLpFmt+OeV6t1FuXadx1GAYziBM/DhEmpwC3VoAAUFz/AKbw46L8678zFvXXHymSP4A+fzB5JpkXE=</latexit>

)
<latexit sha1_base64="aa+RtvqzfdVoDKVWFQEMlw9hXxM=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjFfkAayma7aZdudsPuRCmlP8OLB0W8+mu8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdgqbu/s7u2XDg6bRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8mfqtR6YNV/IBRykLE9KXPOaUoJWCzj3vD5BorZ66pbJX8WZwl4mfkzLkqHdLX52eolnCJFJBjAl8L8VwTDRyKtik2MkMSwkdkj4LLJUkYSYcz06euKdW6bmx0rYkujP198SYJMaMksh2JgQHZtGbiv95QYbxVTjmMs2QSTpfFGfCReVO/3d7XDOKYmQJoZrbW106IJpQtCkVbQj+4svLpFmt+OeV6t1FuXadx1GAYziBM/DhEmpwC3VoAAUFz/AKbw46L8678zFvXXHymSP4A+fzB5JpkXE=</latexit>

33

t = i ! arg z = ±⇡

2

t = 2i ! arg z = ±⇡

6

t = 3i ! arg z = ± arctan
1

2
p
2

<latexit sha1_base64="NXvLq9kywXEgSK6ecJNPvBR0Gew="></latexit>

-0.10 -0.05 0.05 0.10

-10

-5

5

10

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0



/46

Two-loop analysis

✤ Algorithm: 

✤ Perform the conformal map on the Borel transform function. 

✤ Series expand to the same order as in the Borel variable. 

✤ Construct a Padé approximant. 

✤ Apply the inverse conformal map to return to the Borel plane.
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Two-loop analysis

✤ From encoding the strong field behavior, we recover the second beta 
function coefficient
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Two-loop analysis

✤ Performing the Borel sum, we can extrapolate from weak magnetic 
field to strong magnetic field (10 terms)
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Two-loop analysis

✤ Analytic continuation to constant electric field (10 terms)
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Sub-leading corrections

✤ How is the leading growth of the coefficients the same but the Borel 
singularity structure so different? 

✤ Resolution: superposition of pole and branch point 

✤ This implies a contribution to the imaginary part of the Borel sum 

✤ We conjecture power law fluctuations of the form
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Sub-leading corrections

✤ Including sub-leading corrections
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Sub-leading corrections

✤ What about higher-order instantons? 

✤ Accessing the leading contribution from the second instanton should 
be possible through the conformal map. 

✤ This would give quantitative evidence either for or against the 
conjectured form of higher instanton contributions
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Two-loop analysis

✤ Summary:  

✤ Using only the first 10 terms in the weak magnetic field expansion, we 
were able to: 

✤ Extrapolate from weak magnetic field to strong magnetic field over eight orders of 
magnitude (no simple way to plot exact expression!). 

✤ Analytically continue to a constant electric field and determine the form of the 
power-law fluctuations about the one instanton contribution, leading to an 
updated conjecture on the structure of the pair production rate at two-loop order. 

✤ Using the first 50 terms, we were able to: 

✤ Recover the second beta function coefficient by encoding the strong field behavior 
into the Padé approximation. 

✤ Resolve the exponentially suppressed second and third instanton contributions for 
an electric background field, using a conformal map.
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Overview

✤ Resurgence and Borel summation 

✤ Euler-Heisenberg effective action 

✤ One-loop analysis 

✤ Two-loop analysis 

✤ Future work and conclusion 
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Future work

✤ Investigate higher order instanton contributions for constant background 
field configurations. 

✤ Apply Borel resummation to the case of an inhomogeneous background 
field at one-loop        Borel transform known in closed form 

✤ Study the structure of higher loops (exact results for three-loop only 
known in 1+1 dim., but can generate perturbative expansion)

)
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Conclusion

✤ Resurgence: unification of perturbative and non-perturbative physics 

✤ Borel summation is a powerful methodology through which formally divergent 
asymptotic series can be resummed to yield a well-defined analytic continuation 
sensitive to non-perturbative, imaginary contributions.

Perturbative expansion

Borel transformInverse Borel transform

Analytic  
continuation

Laplace 
integral

Asymptotics

44



/46

Conclusion

✤ The Euler-Heisenberg effective action at one and two loop order demonstrates, as a 
proof-of-principle, the applicability of Borel summation to physical systems. 

✤ From a finite amount of magnetic field perturbative data as an input, we were able to 
accurately reconstruct both the strong magnetic field limit and the non-perturbative 
pair production rate for a background electric field.  

✤ This led to a novel resolution of the power-law fluctuations about the one-instanton 
contribution at two loop order. 

✤ This technique has clear applicability at higher loop orders and other related systems.
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