Chapter 17

Propagators and fields

Given the retarded Green’s function for a free particle in a momentum-time representation
Gy (p,tasa,ty) = 0(ts — 1) (Olap (tz)aly(t,)|0)
we can remove the time-dependence from the operators
G (Pt s ty) = O(t — ) (O] ape™ = et afie™1v]0)

Since this is the non-interacting vacuum, we can ensure through normal-ordering that

HI|0)=0
and therefore write
GF (P, tasa,ty) = 0(ts — ty) (O]ape™ 1=t a|0)
= 0(t, —t,) (ple”"M*e v |q)
= 0(t, — t,)e”"FoleFal) (p|q)
GG (Pt aty) = Ot — t)e” (et Fat) g0 (p — q)

We can confirm that the free scalar propagator is the Green’s function of the (1 + 1)-dimensional Klein-
Gordon equation
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For the scalar field theory

1 m? 5
L= §8u¢($)0ﬂ¢($) - 7¢(I)

we can write the field in momentum space as

1 dp - dq - e om? [ dipdiga, o o
£= 500 [ griwer-or [ S Ligen -1 [ TECE )i

4,04, o
L= %/ d(;jsq () (—pug” — m?)d(q)e’ @+

Using this representation, the action has the form

S:/d4x£

4, 14 ~
- 5 [ BSE na — o6+ o)

1 dp - .
525/( )¢( ) (? — m2)d(p)

We can identify the free propagator as (i/2) times the inverse of the quadratic term between the fields (with
an additional ie for safety)

The quantum simple harmonic oscillator has Lagrangian

m 1
L=2¢ - smudq’

In momentum space, this reads

with a corresponding action

S:/dtL

/ dOJ dw CU/ _ wg)(jw’é(w + w/)

5/gdw(w2—w§)§w

With this we can read off the propagator in momentum space

~ 1 )
Glw) = <E) w? — w +ic
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For a system with Lagrangian

1 2 2
o 7(8(]5(:5)) N m 6(2)?
we can descretize the field as
1 -
_ E ipja
¢($) — ¢J \/m ~ ¢Pe

where N is the number of lattice sites, a the lattice spacing, and j the site label. In this form, the derivative
becomes

96(z) | jr1—9; _ 1 Y (eip(j+1)a B eipja)
Oz a avNa - v
Assuming periodic boundary conditions on the lattice, we can write the square of the derivative as
<¢J+1a %) _ N1a3 Z 324 (eip(j+1)ﬂr _ eipja) (eiqml)a _ eiqa’a)

Na3 Z ¢p¢ ( ilpta)(G+l)a 4 pilpra)ja _ pilpra)jagipa _ ei(p+q)jaeiqa>

?; +1 ?; T i ja ipa iqa
(B0 Ly i om o)
Pq
This yields a descretized Lagrangian

2 — e —elaa |2\ . .
X i DU

p,q

As for the action, the integral becomes

/dx—>NaZ

J

which is consistent with the normalization of the field. Therefore, we have
Z Z (2 it i mz) Gyeitrraio
S (2*** )i
5 Z (—vp i +m2> bp
S = %Z({LPL% — %cospa+m2><5p

p

which yields a momentum-space propagator

~ 1
G =
) Z (1 = cospa) + m?
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As for the (1 + 1)-dimensional elastic string with Lagrangian

=2 [@0)? - @07

we can similarly descretize the field as

dw ~
d(x,t) — ¢;(t) Z Ye~Wteiria
\/7
With this, the derivatives become
80¢ N 80¢j F Z/ —zwteipja
b= 8,) _ /dw~ (€9 = e
81¢ — P \/7 Z .

the square of which can be written as (again assuming periodic boundary conditions)

dw dw ~ N, .
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Therefore, the Lagrangian takes the form
1 dwdw’ ~ , 2—ePa—glae —i(wtw)t_i(p+q)ja
L= m;/ | e 0

The form of then action follows as

S=Na)_ [diL
i
1 dwdo - 2 — et — et -
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2
Defining wg = —, we can read off the momentum-frequency space propagator
a

1

é(va) =

w? — w2(1 — cos pa)




