Chapter 10

The commutator in question can be calculated as follows
(o(a). P = [ &y [ol), T
_ / &y [p(x), 09H + 02 P¥]

(p(a). %) = 85lita), H) + 8 [ & [(0). )0,y 000)]

Using the Heisenberg equations of motion, the first term becomes
lota). P = 35 (i9@) + ¢ [ @y (lp(e). mw)loly0(w) + 7o) (), 8y 10)])
lo(a), P = 35 (i9(@) + 8¢ [ @y (89— 1)0f, 0(0))
37 [ &y (n(w) (o). 08 o) + w0y [o(o). £(0)])

The commutator [p(z), 8&)] vanishes because the derivatives are only with respect to y, and the commutator
[¢(2), ¢(y)] vanishes by definition of the field commutation relations. This leaves

(@), P] = 6 (10" (@) ) + 07 (10" (o)
|[p(x), P°] = i0°p(x) |

For the general Lagrangian
L= E(‘Puv 8u§0aa IM)
under an active symmetry transformation ¢, — @4 + 04, the variation in the Lagrangian is given by
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oL
oL =0 (a@%)‘*"“)

if the Lagrangian satisfies the Euler-Lagrange equations of motion. The variation in the Lagrangian can
equal a four-divergence without affecting the equations of motion

5L =D, W
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Equating these, we have the conservation law 9, J* = 0 where

Jr =Y "THsp, — W

For the Lagrangian
1 1
L= é(auﬂp)Z - §m2802

the stress-energy tensor is given by

oL
T = =g — g" L
0(0p) ¥ Y

T = (00)(@"9) 39" (B0 — m?¢?]

The T9 component is given by

. 1, 1 1
700 — 2 5902 + §(V¢)2 + 577%2902

1, 1 1
700 _ 5902 + §(V¢)2 + 577%2992 Y

which is exactly the Hamiltonian found in Exercise 6.1. Calculating the four-divergence of T#, we find

1
DT = 020" p + 0" p(0,0" ) — 59" [04(0x9)(0*0) — 2m* (D, 0)]
1
= 0%p0"p + 0" p(0,0" ) — 50" (0r0)(0*0) + m* (8" p)

1 1
= (0% +m*)p(0"p) + 0"0(0,0"p) — 5 (0" 0rp) (9*p) — 5 (0r0)(0"0*)
= 0"9(0,0" ) — 0*p(0x0" )

For the Noether charges, we have




For the Lagrangian

1
L= FuF"

the conjugate momentum density is given by

oL
o = — o~
9(0-4,)
__ 9 [ Yo.a, -4, 0040 — ovany
T 0(0,A4,) | 4 T e
1 v
= —5 (58 — opap P

1
= —3(F" - F>)

With this, the stress-energy tensor can be written as

T =T1"79" A, — g L

1
T = —F"79" Ay + 19" FopF*’
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The quantity X" = Fr*AY is anti-symmetric in its first two indices since F** = —F"*. Adding the
four-divergence of this term to the stress-energy tensor, the conservation law is unchanged and the new tensor

will have the form

T = TH 4 9y XM

= _FMOY A, + ig“”FaﬁF"‘ﬁ + (ONFHPM)AY + FFY (95 AY)

1
= FFA(06AY — 0V Ay) + Zg“”FaﬂFC‘B

- 1
TH = FMEY + Zg‘“’Fa[gFQB

The T% element is given by
. 1 N
700 :FO)\F/\O + ZFQBF 8
1

:E2 _ §(E2 7B2)

~ 1
TOO — §(E2 + B2)

and the T9 elements are given by
fOi _ FO)\F)\Z‘
TOI — E2B3 o E382
TO2 — E3B1 _ E1B3
TOS — E].B2 o E2Bl
T% = (E x B)*



